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Preface

The second part of the title of this book is familiar to everybody who swings
to and fro in childhood, or has changed his/her mind back and forth from joy
to grief in mature age, whereas the first part of the title needs explanation.
We use the word “chaotic” as a synonym for “unpredictable.” Everything
was clear until the third quarter of the last century: all phenomena in
Nature were either deterministic or chaotic (random). The solution of a
second-order differential equation contains two arbitrary constants which
can be found from the initial conditions. By defining the coordinate and
velocity of the particle at time ¢ = 0, one can calculate these variables
deterministically at each later time ¢ > 0. On the other hand, if a system,
say, a Brownian particle, is subject to a random number of collisions with
small particles, its motion will be non-predictable (random). However,
everything changed in the 1970s, as can be seen from the title of a 1986
conference on “chaos”: “Stochastic Behavior Occurring in a Deterministic
System.” Although the idea of “deterministic chaos” appeared earlier, the
intensive study of this phenomenon only started about forty years ago. The
answer to the question in the title of the article [1], “Order and chaos: are
they contradictory or complimentary?”, is now obvious.

The concept of “chaos” is usually associated with systems having a large
number of degrees of freedom. The approach of statistical mechanics allows
one to calculate the average characteristics of the system, leaving the behav-
ior of individual particles as *
may appear in a differential equation with only three variables, provided
that the system is nonlinear. It is crucial to distinguish between linear and
nonlinear differential equations. An important property of chaotic non-
linear equations is the exponential increase in time of their solutions when
one makes even the smallest change in the initial conditions. “Deterministic

‘random”. It turns out, however, that chaos
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chaos” appears without any random force in the equations. Such a situa-
tion is very common since an infinite number of digits is required to specify
the initial conditions precisely, an accuracy that is obviously unattainable
in a real experiment. The exponential dependence on initial conditions is
popularly known as the “butterfly effect,” which means that an infinitesi-
mal change in initial conditions produces very different results in the long
run (the flapping of a butterfly’s wing in Texas may create large changes
in the atmosphere leading to a tornado in the Pacific Ocean). A very small
change in initial conditions can transform a deterministic system into a
chaotic system. Therefore, considering “chaotic motion” means consider-
ing the general properties of nonlinear differential equations (Chapter 2),
as well the effect of a random force (Chapter 3). The chaotic behavior of
a spring, double and spherical pendula are the subject of Chapter 4. A
general introduction to the subject can be found in my previous book [2].

Two main features characterize the study of chaos. First, nonlinear
dynamics and chaos are an area of intensive mathematical investigation.
Second, due to the lack of analytical solutions, this field is usually studied
by numerical methods. This book does not contain rigorous mathematical
statements or details of numerical methods related to chaos. My aim was to
make the presentation as simple as possible, so that a scientist or a student
having only a general knowledge of mathematical physics, could easily find
in this small volume all the required information for their theoretical or
laboratory work.
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Chapter 1

Pendulum Equations

1.1 Mathematical pendulum

The pendulum is a massless rod of length | with a point mass (bob) m at
its end (Fig. 1.1). When the bob performs an angular deflection ¢ from the
equilibrium downward position, the force of gravity mg provides a restoring
torque —mgl sin ¢. The rotational form of Newton’s second law of motion
states that this torque is equal to the product of the moment of inertia mi?
times the angular acceleration d?¢/dt?,
2
9 L9 (1.1)

Fig. 1.1 Mathematical pendulum.

For small angles, sin ¢ ~ ¢, Eq. (1.1) reduces to the equation of a har-
monic oscillator. The influence of noise on an oscillator has been considered
earlier [2]. The main difference between the oscillator and the pendulum
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is that the former has a fixed frequency \/971 , whereas the pendulum pe-
riod decreases with increasing amplitude. Multiplying Eq. (1.1) by d¢/dt
and integrating, one obtains the general expression for the energy of the
pendulum,

P (dg\®
E = ) <dt) + gl (1 —cos¢) (1.2)

where the constants were chosen to make the potential energy vanishes at
the downward vertical position of the pendulum. Systems with constant
energy are called conservative systems. In the (¢, d¢/dt) plane, the trajec-
tories are contours of constant energy.

Depending on the magnitude of the energy E, there are three different
types of phase trajectories in the (¢,d¢/dt) plane (Fig. 1.2):

a9 p
dt
separatrix

Fig. 1.2 Phase plane of a mathematical pendulum.

1. E < 2gl. The energy is less than the critical value 2¢l, which is
the energy required for the bob to reach the upper position. Under these
conditions, the angular velocity d¢/dt vanishes for some angles +¢1, i.e.,
the pendulum is trapped in one of the minima of the cosine potential well,
performing simple oscillations ( “librations”) around the position of the min-



Pendulum Equations 3

imum. This fixed point ¢ = d¢/dt = 0 is called an “elliptic” fixed point,
since nearby trajectories have the form of ellipses.

2. E > 2gl. For this case, there are no restrictions on the angle ¢,
and the pendulum swings through the vertical position ¢ = 7 and makes
complete rotations. The second fixed point (¢ = 7, d¢p/dt = 0), which cor-
responds to the pendulum pointing upwards, is a “hyperbolic” fixed point
since nearby trajectories take the form of hyperbolas. It is sufficient to
study these two equilibrium points ¢ = 0 and ¢ = 7 since all other fixed
points ¢ = nw with |n| > 1 can be deduced by periodicity.

The orbits shown in Fig. 1.2, which are periodic in time, are called “limit
cycles.” For small energies close to the origin, the orbits are simple harmon-
ics with a single peak in the power spectrum. For larger energies, the power
spectrum also contains different harmonics of the main frequency. The spe-
cial orbits are either “homoclinic,” which leave the hyperbolic fixed point
and then return to it, or “heteroclinic,” which connect two hyperbolic fixed
points. In the hyperbolic fixed points, the stable manifold merges with the
unstable manifold, thus forming the heteroclinic orbit. This orbit shows
the exchange stability between oscillatory and rotating motion (“hetero-
clinic bifurcation”).

The important property of a Hamiltonian system (with no damping)
is “conservation of volume in phase space.” This means that initial con-
ditions, distributed in some volume, will remain in the same volume with
time. Hamiltonian systems cannot have attractors which attract different
trajectories since, otherwise, the initial conditions distributed inside some
finite volume will reduce to the zero volume occupied by an attractor.

3. E = 2¢l. For this special case, the pendulum reaches the vertical
position ¢ = 7 with zero kinetic energy, and it will remain in this unstable
point until the slightest perturbation sends it into one of the two trajectories
intersecting at this point. The border trajectory, which is located between
rotations and librations, is called the separatrix, since it separates different
types of motion (oscillations and rotations). The equation of the separatrix
can be easily obtained from (1.2),

o, |9 ¢
i 2\/?0052 (1.3)

The time t needed to reach the angle ¢ is given by

t= \/gln {tan (i + Zﬂ (1.4)
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Trajectories close to the separatrix are very unstable and any small per-
turbations will result in running or locked trajectories. These trajectories
possess interesting properties [3]. Two trajectories intimately close to the
separatrix, with energies 0.9999(2¢l) and 1.0001(2gl), describe the locked
and running trajectories, respectively. In spite of having almost the same
energy, their periods differ by a factor of two (!) so that the period of oscil-
lation is exactly twice the period of rotation. Physical arguments support
this result [3].

It is convenient to perform a canonical transformation from the variables
¢ and d¢/dt to the action-angle variables J and © [4]. For librations, the
action J is defined as

B 1 do _\/i 1 \/—
J—% (dt>d¢—l/_¢ld¢ E —gl+glcoso

ST\@[E (k) — k2K ()] (1.5)

where K (k) and FE (k) are the complete elliptic integrals of the first and
second kind with modulus k = y/E/2gl. The angle © is defined by the
equation

do 0E  w/gl

dt — 8J 2K (k) (16)
yielding
_ VI g 0) (1.7)

() = 2K (k)

One can easily find [4] the inverse transformation from (J,0) to

(¢, do/dt),
N do
¢ =2sin"" [ksn (2K (k) ©/m, K)]; i +2k+/glen (2K (k) © /7, k)
(1.8)

where sn and cn are Jacobi elliptic functions.

For the case of rotations, there is no turning point, but one can define
the action J for the running trajectory as

gt ﬁd¢\/2(E—gl)+glCOS¢=4T\/If7E(Kl) (1.9)

2 J_,
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where the modulus k1 = 2¢gl/E. The angle O, is obtained as in the previous
case,

/gl

@(t) - KlK(Rl)

t+©(0) (1.10)

A canonical transformation to the original variables yields
K (C] d Vgl K (C]
¢ = 2am <(H1),/€>; a0 _ V9, ((’“)m) (1.11)
T dt K1 s

where am is the Jacobi elliptic amplitude function, and dn is another Jacobi
elliptic function.

1.2 Period of oscillations

One can easily write the solution of Eq. (1.1) for ¢ and d¢/dt in terms of
elliptic integrals. Since the energy is conserved, Eq. (1.2) becomes

dp\* 2 4
N _ 2% (1 —cos¢) + Const. = — 2 in? ¢ + Const.  (1.12)
dt l l 2

Denoting the value of (d¢/dt)” in the downward position by A, and sin (¢/2)
by y, one can rewrite (1.12),

@ onfts) v

Consider separately, the locked and running trajectories are those for
which the bob performs oscillations and rotations, respectively, around the
downward position. In the former case, d¢/dt vanishes at some y < 1, i.e.,
Al/4g < 1. Introducing the positive constant k? by A = 4gk?/l, one can
rewrite Eq. (1.13),

dy 2 g 2 2 2
— ] ==(1- k* — . 1.14
(dt> T (1=9%) (¥ =) (1.14)
The solution of this equation is [5]

y:k‘sn[ %(t—to), k] (1.15)
where sn is the periodic Jacobi elliptic function. The two constants ty and

k are determined from the initial conditions.
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For the running solutions Al/4g > 1, for which k < 1, the differential
equation (1.14) takes the following form,

2

The solution of this equation is

y = ksn [ g/ltkto,k] (1.17)

Finally, for Al = 4g, the bob just reaches the upward position. In this
case, Eq. (1.16) takes the simple form,

(‘2)2 _ % (1-4?)° (1.18)

whose solution is
y = tanh [ 9/l (t— to)] . (1.19)

One can use dimensional arguments [6] to find the period of oscillation
of the pendulum. Equation (1.1) contains only one parameter, 1/g/l, hav-
ing dimensions of inverse time. Therefore, the product of T" and +/g/l is

dimensionless,
9 _
Tﬁ—ﬂw (1.20)

For small angles, sin¢ ~ ¢, and the pendulum equation (1.1) reduces to
the simple equation of the harmonic oscillator with the well-known solution
Ty = 27r\/7, corresponding to f (¢) = 27 in Eq. (1.20).

To find the function f (¢) in Eq. (1.20) for the pendulum, multiply both
sides of Eq. (1.1) by d¢/dt,

Podp

do
2
wEar oy S (121)

Integrating yields

1 do_ \/€os ¢ — cos ¢ (1.22)

wo dt
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where ¢g is the maximum value of the angle ¢ for which the angular velocity
vanishes. Integrating again leads to

¢ d(¢/2
/ — ((b./ 2) 7 = wol (1.23)
0 [(sin® (¢/2) — sin® (¢0/2))]
under the assumption that ¢ (¢t = 0) = 0.
We introduce the variables i and k,
sing = ksin; k =sin %. (1.24)

As the angle ¢ varies from 0 to ¢g, the angle ¢ varies from 0 to 7/2. Then,
(1.23) becomes an elliptic integral of the first kind F(k, 1),

v d
wol = F (k,v); F(k,v) E/o m (1.25)

The time required for the rotation of the pendulum from ¢ = 0 to ¢ = ¢q
equals one fourth the period T, which is given from (1.23) by F (k,7/2),
the complete elliptic integral of the first kind,

4
T=—5F(kn/2); F(k,m/2) = / (1.26)
wh 1-— k2 sin? z

Since k < 1, one can expand the square root in (1.26) in a series and
perform a term-by-term integration,

1\? 1%3)°
1 B+ —) k*
“(3) # = (am)
Using the power-series expansion of k = sin (¢o/2) , one can write a different
series for T,

27r
wo

T = (1.27)

¢o 114
T=2(
wo( 16 T 3072

) (1.28)

The period of oscillation of the plane pendulum is seen to depend on the
amplitude of oscillation ¢g. The isochronism found by Galileo occurs only
for small oscillations when one can neglect all but the first term in (1.28).

To avoid elliptic integrals, one can use approximate methods to calculate
the period T. For small ¢, sin ¢ &~ ¢, and the linearized Eq. (1.1) describes
the dynamics of a linear harmonic oscillator having solution ¢ = A sin (wot) ,
with wg = \/g7/1 We use this solution as the first approximation to the
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nonlinear equation and insert it into (1.1). Repeating this process again
and again, one obtains in first approximation,

2o [Asin (wot)]® | [Asin (wot)]?

T —wd | Asin (wot) — 3 + 5 + . (1.29)

Each term in (1.29) contains harmonics that correspond to a power of
Assin (wot), i.e., the series consists of the odd harmonics of the characteris-
tic frequency wq of the linear oscillator. The second approximation has a
solution of the form ¢ = Asin (wot) + Bsin (3wpt) . A complete description
requires a full Fourier spectrum,

o= Agyisin([(2l + 1) wot] (1.30)
=0

Turning now to the calculation of the period T', one can use the following
approximate method [7]. Since the period depends on the amplitude ¢y,
one can write T = Ty f (¢g), where Ty = 2w4/g/l. One may then rewrite
Eq. (1.1),

2 in
e+ @e=0. v - (252) (131)

and replace ¥ (¢) by some average value (5) According to (1.24) and
(1.27), T = To(1 + ¢3/16 + ...). Comparing the latter expression with the
series expansion for ¢ (¢) yields ¢ = v/3¢o/2. Finally, one obtains the first
correction T; to the period,

$in e
T =T, <W> (1.32)

A comparison between the approximate result (1.32) and the exact for-
mula (1.26) shows that (1.32) is accurate to 1% for amplitudes up to 2.2
radian [7].

Another way to estimate the period of pendulum oscillations is by a
scaling analysis [6]. In the domain 0 < t < T'/4, with characteristic angle
¢ (0) = ¢, one obtains the following estimates

o %0, d*¢ b0

dt —4?, ﬁ ~ _1657 Singb ~ sin d)o COS¢ ~1 (133)
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Inserting (1.33) into (1.1) yields

1/2
g ®o
T\/=~4 1.34
l (sin ¢0> (1.34)
or
T 9 é 1/2
=~ 2 (0> (1.35)
To m \singg
Rewriting (1.22) as
1(do\* g _
5 (dt) + 7 [cos g — cos ] =0 (1.36)

and inserting in (1.33) yields

T 2 ¢o/2
TO 7 sin (¢0/2)
In the scaling analysis, one drops the numerical factor 2/7 and, keeping

the same functional dependencies, one writes the following general form of
Egs. (1.35) and (1.37),

(1.37)

T ago 1°
— | — 1.38
T [sin (a¢0)] ( )
Expanding sin (a¢gg) yields
T a’b 1 b
— =1+ —@+a*b | —+ =) o5+ ... 1.39
o, 1t hta (180+72>¢0+ (1.39)

Comparing with (1.28) yields a = 5v/2/8 and b = 12/25.

For completeness, we mention a few additional results [8]-[12] of ap-
proximate calculations of the period T of a pendulum as a function of the
maximum angle ¢q

1 1/2 o 3/8
b Los (/2 + ¢8/256>] = Linﬁbo} ;
(1.40)
1 1/2
To="To [cos (¢0/2)]
., Incos(¢o/2) B 4
T11 = T()W, T12 = TO In 7(:05 (¢0/2) (141)
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where the subindex of T shows the number of the appropriate Reference.
Yet another method is based on the approximate calculation of the complete
elliptic integral of the first kind [13].

1.3 Underdamped pendulum

The addition of damping to Eq. (1.1) makes it analytically unsolvable.

Assuming that the damping is proportional to the angular velocity, the
equation of motion becomes
2

%+a%+%sm¢:o (1.42)

There are no chaotic solutions of Eq. (1.42). Almost all solutions of
this equation describe phase space trajectories terminating at the stable
fixed point ¢ = d¢/dt = 0, which “attracts” all trajectories from its “basin
of attraction.” Only very few initial conditions (“stable manifold”) will
lead to an unstable fixed point, ¢ = m, d¢/dt = 0. Moreover, the fixed
point, ¢ = d¢/dt = 0, is linearly stable, i.e., small perturbations from
this point will decay in time. However, the fixed point ¢ = m, d¢/dt = 0,
is linearly unstable, which means that small perturbations from this point
will grow exponentially in time. A distinction has to be made between
the fixed points ¢ = +nm, for odd n and even n. Indeed, for the stability
analysis, it is enough to expand the nonlinear sin ¢ term in a series near
the fixed point nm, which gives sin (¢ — nm) ~ %+ (¢ — nm) for even and odd
n, respectively. A simple stability analysis shows [14] that for even n, all
trajectories will be attracted to the fixed point (focus), whereas for odd
n, the trajectories terminate at these fixed points which are stable in one
direction but unstable in other directions (saddle points).

Equation (1.42) does not have an analytical solution, and we content
ourselves with numerical solutions. One proceeds as follows. Equation
(1.42) can be rewritten as two first-order differential equations,

z:fl—f; %+az+%sin¢=0 (1.43)

The (d¢/dt, ¢) phase-plane, shown in Fig. 1.3 [15], is different from
that shown in Fig. 1.2 for the undamped pendula.

The higher derivatives d™¢/dt™ are increasingly sensitive probes of the
transient behavior and the transition from locked to running trajectories.
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Fig. 1.3 Phase plane of a damped pendulum.

The higher derivatives of the solutions of Egs. (1.43) are shown [16] in the
(dmp/dt™, d™~1¢/dt™ 1) phase-planes for m < 5.

The pendulum equation with constant torque is obtained by adding a
constant a to Eq. (1.42),

2
%+a%+%sm¢:a (1.44)
This equation cannot be solved analytically, and we shall present the results
of numerical calculations [17; 18].

For a = 0, the pendulum hangs in the downward position, ¢ = 0. With
increasing a, the equilibrium state is tilted to ¢ = sin™* (al/g), approach-
ing ¢ = /2 at a = g/l. For a > g/l, the pendulum starts to rotate,
corresponding to the loss of equilibrium. The type of rotation depends
on the damping. If « is small, the pendulum rotates with a finite period.
For strong damping and close to the threshold, a — g/l of order the small
parameter ¢, and the period of rotation scales as e ~1/2.

As a decreases from a > g/l to a < g/l, the pendulum continues to ro-

tate even for a < g/l, which is the manifestation of hysteresis. For a < ¢/I,
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if we stop the rotating pendulum by hand and put the pendulum close to
its equilibrium position, the pendulum will remain in equilibrium, showing
bistability between the rotating periodic regime and stationary equilibrium.
Another peculiarity occurs when the pendulum is perturbed from the equi-
librium position ¢; = sin™! (a;1/g) by releasing it without initial velocity.
The reaction of the pendulum then depends of the direction of the pertur-
bation. If the perturbation is directed toward the vertical direction, the
pendulum returns to equilibrium. But if the perturbation is large enough
and directed in the opposite direction, the pendulum moves in the direction
of the perturbation.

a
2.0

1.5

1.0

>

0.5

a
0.0 L L

0.0 0.5 1.0 1.5

Fig. 1.4 Bifurcation diagram for a damped pendulum driven by a constant torque.
Regions with stable solutions: A) Stationary, B) Periodic, C) Stationary and Periodic.
Reprinted with permission from [17], Copyright (2005), American Association of Physics
Teachers.

The results of the numerical solution of Eq. (1.44) are shown [17] for
different types of stable solutions in the a—a phase diagram (Fig. 1.4). The
three regions in this figure describe the stable solutions that are stationary
(region A), periodic (region C) and both stationary and periodic (region B).
There are two boundaries in this phase diagram: a = 1 which corresponds
to the disappearance of equilibria, and another boundary which restricts
the region where periodic trajectories exist. One can find analytically [17]
the initial slope of the latter curve when both a and « are small, a ~ o ~ ¢,
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where ¢ << 1. Multiplying Eq. (1.44) by d¢/dt and integrating from ¢; and
iy, one obtains the energy balance equation

(e

ty d 2
—&—oz/ti (df) dt—(cos ¢y —cos¢;) = a(df — @)

(1.45)
The solution of this equation to order € for t; = —oo, ty = 00, ¢; = —,
¢f =m, dp;/dt = doy/dt =0 is
5 /d
2ra = a/ ((b) dt = 8« (1.46)
o \dt

Analogously to Eq. (1.43), Eq. (1.44) can be rewritten as two first-order
differential equations by introducing the dimensionless angular velocity

al@

= — 1.47
g di (1.47)
implying
dz gzdz
— == 1.48
dt  alde (1.48)
Then, one can rewrite Eq. (1.44) in the form
bz dz . al
ﬁﬁ—i—z—i—smd):E (1.49)

where al/g = @ is the dimensionless torque.

The solutions of Eqs. (1.47)-(1.49) plotted in the (z) — @ plane are
shown in Fig. 1.5. Two solutions exist for the average angular velocity (z)
in the interval 1 > @ > @,,, where @, depends on the parameter g/la?.
The smaller this parameter, the larger the bias torque @ that is needed to
start the motion, with some threshold value of (z). On the other hand,
by decreasing the torque @, the pendulum will continue to rotate until the
torque reaches the value @.., at which point the pendulum will come to
rest after performing damped oscillations around the equilibrium position
¢ = sin~* (@, /b).

The pendulum equations considered above are called the underdamped
equations. In many cases, the first (inertial) term in (1.42) is small com-
pared with the second (damping) term, and may be neglected. Redefining
the variables, Eq. (1.42) reduces to the overdamped equation

do

T =a—bsing (1.50)
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Fig. 1.5 Averaged angular velocity as a function of torque for different values of the
parameter gl/a?. Reprinted with permission from [18] , Copyright (1977), American
Association of Physics Teachers.

The next complication of the original equation (1.1) involves introducing
the driving force into Eq. (1.42),

¢  dp g :
ﬁ—f—ag—&—?smqb—/lsm(ﬂt) (1.51)

For this non-Hamiltonian “dissipative” system, the volume in phase space
is not conserved. The trivial case is the contracting of all trajectories to
the fixed point. A more interesting case is contracting the phase volume in
one direction and stretching in the other direction, which leads to chaos.
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1.4 Nonlinear vs linear equation

The nonlinear equation (1.51) has no analytic solution. However, for small
oscillations, one can replace sin ¢ by ¢, and obtain the following equation
¢ dp g :

T + a + 7¢ = Asin (Qt) (1.52)
which can be solved analytically. For large ¢, the transient decays away,
and the solution of Eq. (1.52) does not depend on the initial conditions,
and has the following form,

a2 cos () — (02 — g/1) sin ()

¢(t) = (QQ—g/l)2+oz2QQ

(1.53)

The response ¢ (t) to the driving force has a resonant character, being
maximal at the driving frequency 2. One way to represent the pendulum
motion (1.53) geometrically is to use a phase diagram. For the second-order
differential equation (1.52), the motion of a pendulum is specified by two
parameters which define the d¢/dt - ¢ phase plane. Each point on this
plane corresponds to a state of the pendulum at a given time t. Therefore,
the trajectory is defined by Eq. (1.53) which corresponds to an ellipse,

2 L (do\" _ 42
e (dt) C(g/1 - 02)% + a202 (1.54)

For all initial conditions, the pendulum will finally reach this ellipse,
which is therefore called the “periodic attractor.” If there is no driving
force (A =0 in Eq. (1.52)), the pendulum will finally reach the downward
position, which is called the “point attractor.”

To compare the results obtained for a linearized pendulum with those
for a nonlinear pendulum, one has to solve Eq. (1.51) numerically. Using
the fixed driving amplitude and frequency, A = 2 and Q = 2/3, yields
[14] the phase portraits for different values of the damping coefficient a.
For large «, the pendulum executes small oscillations, which justify the
approximation sin ¢ = ¢, and the resulting phase portrait is similar to that
obtained for the linearized pendulum, slightly increasing due to an increase
of oscillation. However, unexpected changes occur when the parameter «
decreases further [14]. First, the ellipse changes its form and shifts to the
left displaying “symmetry breaking” with respect to the vertical axis (note
that there are no non-symmetric terms in Eq. (1.51)). Second, further
decrease of the parameter « leads to the appearance of a second ellipse
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(“period-doubling bifurcation”), i.e., the appearance of two periodic at-
tractors, then additional bifurcation to four attractors, etc. Depending on
initial conditions (“basin of attraction”), a pendulum will reach one of pos-
sible attractors. Finally, the accumulation points leads to chaotic behavior,
the most important characteristic of which is the exponential separation
of trajectories for very small differences in initial conditions. The “chaotic
attractor” possess different properties which we will consider in Section 2.2.

1.5 Isomorphic models

In the examples given below, for simplicity we will compare the derived
equation with the overdamped pendulum Eq. (1.50), whereas their more
complete description is equivalent to the underdamped pendulum Eq.
(1.42).

1.5.1 Brownian motion in a periodic potential

Replacing the angular variable ¢ in Eq. (1.1) by the coordinate x, yields
the equation describing one-dimensional motion of a Brownian particle in
a periodic potential. The literature on this subject is quite extensive (see,
for example, an entire chapter in Risken’s monograph [19]).

1.5.2 Josephson junction

A Josephson junction consist of two weakly coupled superconductors, sep-
arated by a very thin insulating barrier. Since the size of the Cooper
pair in superconductors is quite large, the pair is able to jump across the
barrier to produce a current, the so-called Josephson current. The ba-
sic equations governing the dynamics of the Josephson effect connects the
voltage U (t) = (h/2e) (0¢/0t) and the current I (t) = I.sin¢ (t) across
the Josephson junction. This defines the “phase difference” ¢ of the two
superconductors across the junction. The critical current I. is an impor-
tant phenomenological parameter of the device and it can be affected by
temperature as well as by an applied magnetic field. The application of
Kirchoff’s law to this closed circuit yields

o h 06
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where R is the resistivity of the circuit, and I and I. are the bias and
critical current, respectively. This equation is simply Eq. (1.50).

1.5.3 Fluxon motion in superconductors

The magnetic field penetrates type-1I superconductors in the form of quasi-
particles called fluxons. In many cases, fluxons move in a periodic potential
which is created by the periodic structure of pinning centers or by the plane
layers of the superconductor. If one neglects the fluxon mass, the equation
of motion of a fluxon has the form (1.50) [20].

1.5.4 Charge density waves

As a rule, in solids at low temperatures, the electron charge density is dis-
tributed uniformly. The well-known violation of this rule occurs in super-
conducting materials where the electrons are paired. Another example of
the non-uniform distribution of electrons is the charge density wave (CDW),
which behaves as a single massive particle positioned at its center of mass.
CDWs have a huge dielectric constant, more than one million times larger
than that of ordinary materials. One can clearly see the inhomogeneity
of a CDW by the scanning tunneling microscope. Such a system shows
“self-organization” in the sense that a small perturbation is able to induce
a sudden motion of the entire charge density wave. Such a perturbation
can be produced by an external electric field whereby an increase in voltage
beyond a certain threshold value causes the entire wave to move, producing
“non-Ohmic” current which vastly increases with only a small increase in
voltage.

The mathematical description of the CDW based on the “single-
particle” model assumes that the CDW behaves as a classical particle. The
experimentally observed nonlinear conductivity and the appearance of a
new periodicity together form the basis for the periodically modulated lat-
tice potential acting on the CDW. The equation of motion of the center of
mass x of a damped CDW has the following form,

d*z dx .
E—l—fya—i—bsmxzo. (1.56)

This equation is the same as Eq. (1.42) for a damped pendulum.
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1.5.5 Laser gyroscope

A mechanical gyroscope with rotating wheels is widely used for orientation
in space. Nowadays, however, this is being replaced by the laser gyroscope
which works on a physical principle established by Sagnac about a hundred
years ago. Sagnac found that the difference in time for two beams traveling
in opposite directions around a closed path going through a rotating plat-
form is proportional to the speed of the platform. The beam travelling in
the direction of rotation of the platform travels for a longer distance than
the counterrotating beam, and hence has a lower frequency. The phase dif-
ference ¢ between these two beams running in a ring-laser microscope allows
one to find the velocity of the rotating platform. Equation (1.50) yields ¢,
where a denotes the rotation rate and b is the backscattering coefficient.

1.5.6 Synchronization phenomena

In the 17th century, the Dutch physicist Christian Huygens found that two
pendulum clocks attached to a wall always run at the same rate, because
the wall introduces a weak coupling between them. This phenomenon of
synchronization is present in general in dynamic systems with two compet-
ing frequencies. The two frequencies may arise through the coupling of an
oscillator to an external periodic force. The equation which describes the
influence of a small external force on the intrinsic periodic oscillations of
an oscillator [21] connects the phase difference ¢ between the oscillator fre-
quency and that of an external force expressed by the frequency difference
a, and the periodic force bsin ¢. It has the form of Eq. (1.50) [22].

1.5.7 Parametric resonance in anisotropic systems

The rotation of an anisotropic cluster in an external field is described by
the following equation,

dL

— =MxF — fw 1.57

— p (157)
where L is the angular momentum, w is the angular velocity of rotation,
M; = x;F; is the magnetic (dielectric) moment induced by the external
field F. Anisotropy means that x5 # x1 = x2 ; Ax = x1 — X3, while the
moment of inertia is isotropic in the x — y plane, I = I = I. Connecting
the coordinate axis with the moving cluster, one can easily show [23] that
the equation of motion for the nutation angle 6 coincides with Eq. (1.42)
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for a damped pendulum,

2 2
% + ?% Fﬁx sin (20) = 0. (1.58)

For an alternating external field, F' = Fj cos (wt), Eq. (1.58) takes the
form of the equation of motion of a pendulum with a vertically oscillating
suspension point (see Section 2.3.1). Absorption of energy by clusters has
a resonant character: only clusters of specific site are able to rotate in the
external field of given frequency and amplitude. This new type of para-
metric resonance in magnetically (electrically) anisotropic systems can be

used for an experimental investigation of polymers, liquid crystals, viruses,
proteins and the kinetics of liquid-solid transitions.

1.5.8 Phase-locked loop

A phase-locked loop (FLL) is a closed-loop frequency-control electronic cir-
cuit with a voltage - or current-driven oscillator adjusted to match in phase
(and thus lock on) the frequency of an input signal. The FLL is also
described by the pendulum equation (1.42) [24]. The period-doubling tran-
sition to chaos in FLL was experimentally observed [25] by the appropriate
change of control parameter. FLL is used in radio and TV sets to obtain
stable tuning [19].

1.5.9 Dynamics of adatom subject to a time-periodic force

The motion of atomic and molecular adsorbates on a metallic or semicon-
ductor surface is described by the pendulum equation (1.42) [26]. The
theoretical calculations are important in connection with modern experi-
mental techniques, such as field ion or scanning tunneling microscopy and
quasi-elastic helium-atom scattering, allowing the precise measurement of
adatoms. Many references can be found in [27].

1.5.10 The Frenkel-Kontorova model (FK)

In its simplest form, the FK model describes the motion of a chain of inter-
acting particles (“atoms”) subject to an external on-site periodic potential
[28]. This process is modulated by the one-dimensional motion of quasi-
particles (kinks, breathers, etc.). The FK model was originally suggested for
a nonlinear chain to describe, in a simple way, the structure and dynamics
of a crystal lattice in the vicinity of a dislocation core. It was subsequently
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used to describe different defects, monolayer films, proton conductivity of
hydrogen-bonded chains, DNA dynamics and denaturation.

1.5.11 Solitons in optical lattices

Although solitons are generally described by the sine-Gordon equation, the
motion of the soliton beam in a medium with a harmonic profile of refractive
index is described by the pendulum equation with the incident angle being
the control parameter [29].

1.5.12 Other applications

Some unexpected applications of the pendulum equations include the prob-
lem of energy extraction from ocean waves [30], gravitational gradient pen-
dulum [31] and ship dynamics [32], among others. Less serious applications
include the description of toys, such as the space circle [33] and tilt-a-wirl
[34].

1.6 General concepts

Deterministic chaos results if the differential equations are nonlinear and
contain at least three variables. This points to the important difference
between the underdamped and the overdamped equations of motion of a
pendulum. The underdamped equation, subject to an external periodic

force,
d? d
ﬁ;b —&—’yd—f +sin¢ = fsin (wt), (1.59)
can be rewritten as a system of three first-order differential equations,
dx . .
p +yx +sin¢g = fsin (9) (1.60)
d¢ db

Therefore, the underdamped equation exhibits deterministic chaos for some
values of the parameters. On the other hand, the overdamped equation, in
which d?¢/dt?> = 0, has only two variables, and therefore, it does not ex-
hibit chaos. We consider here only the noise-free underdamped pendulum,
starting from Eq. (1.59).
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There are many books describing deterministic chaos, including [14],
which considers chaos for the damped driven pendulum. We shall present
only those basic concepts which are needed in the later discussion.

1.6.1 Phase space

The motion of a pendulum is conveniently displayed graphically in the plane
of its phase variable, angle ¢ and angular velocity d¢/dt. The characteristic
points or curves in these diagrams are called “attractors” because irrespec-
tive of initial conditions, all trajectories are asymptotically attracted to
them. If the pendulum remains at a stable downward position, the origin
will be the “point attractor,” whereas for periodic motion, the “periodic
attractor” will have the form of an ellipse.

1.6.2 Poincare sections and strange attractors

The Poincare section is obtained by removing one space dimension. In the
case of three variables, the Poincare section is a plane of d¢/dt - ¢ variables.
As distinguished from the d¢/dt - ¢ phase portrait considered in Section
1.1, which shows the entire pendulum trajectory, the Poincare section gives
the stroboscopic section of this trajectory. The Poincare plane has to be
chosen in such a way that trajectories will intersect it several times. If
the motion is periodic (non-chaotic), the trajectory will cross the Poincare
plane repeatedly at the same point. The number of points appearing in
the Poincare plane defines the number of periods corresponding to a given
trajectory. However, chaotic motion means that despite the fact that the
motion is deterministic (i.e., for given initial conditions, the equations ex-
actly describe the trajectory), it never repeats itself. However, there will
be a dense set of points in the Poincare section filling a certain area of this
plane. The locus of these points, which is a wavy line, is called a “strange

" and the set of all initial points that eventually bring the system

attractor,’
to these attractors are called the basin of the attractor. In this way, one
reduces the continuous trajectories in the phase space to a discrete mapping
on the Poincare plane. The strange attractor that contains many lines, has
a fractal structure, which means that upon magnifying one of these lines,
one sees a group of similar lines, etc. In summary, the regular orbits ap-
pear as points of a smooth area whereas the chaotic trajectories appear as

a platter of points filling a certain area.
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1.6.3 Lyapunov exponent

The Lyapunov exponent A gives the rate at which the two nearby trajecto-
ries, separated initially by distance d, become separated in time by a very
large distance L

L = dexp (M) (1.62)

In a chaotic regime, A is positive, whereas in the regular regime, A is
negative or zero, implying that the initial separation either diminishes or
remain constant. For a system of first-order differential equations, there are
several Lyapunov exponents, and we are interested in the largest of these.

1.6.4 Correlation function

The analysis of the autocorrelation function of a trajectory shows the dif-
ference between regular and chaotic regimes. In the latter case, the sys-
tem loses information about previous states and the autocorrelation func-
tion tends to zero with time. However, since chaotic trajectories densely
fill phase space, there is some short time during which the trajectory ap-
proaches the initial position, and the autocorrelation function may grow.
In contrast to these results, for the regular trajectory, the autocorrelation
function oscillates around some average value, increasing and decreasing as
the system moves away or approaches its initial position. The difference in
the form of the autocorrelation function for regular and chaotic regimes is
shown in Fig. 1.6 [35].

1.6.5 Spectral analysis

The squared modulus of the Fourier transform of the variable g (¢) is called
the power spectrum of ¢ (¢) . Periodic motion is described by a power spec-
trum with a finite number of frequencies, whereas chaotic motion has a
broad power spectrum without any well-defined peaks. In Figs. 1.7 and
1.8, we show [36] the efficiency of the four methods of detecting chaos de-
scribed above, using Eq. (1.59) as an example. A comparison between
Figs. 1.7 and 1.8 shows that although some methods (power spectrum) are
ambiguous, one can see a clear distinction between regular (Fig. 1.7) and
chaotic (Fig. 1.8) behavior.
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Fig. 1.6 Autocorrelation functions for a) regular region with energy £ = 0.00375, and
b) chaotic region with E = 0.04875. Reprinted with permission from [35], Copyright
(1994), Institute of Physics.

1.6.6 Period doubling and intermittency

Starting from the periodic regime, the change of some parameters in the
dynamic equations may move the system into the chaotic regime [37]. The
most common ways of entering the chaotic regime are through period dou-
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Fig. 1.7 Different indications for a regular trajectory: a) Poincare section, b) Maxi-
mum Lyapunov exponent, ¢) Correlation function, d) Power spectrum. Reprinted with
permission from [36], Copyright (1992), American Association of Physics Teachers.

bling and intermittency. The former means that the chaos is preceded by
successive period-doubling bifurcations with a universal rate in different
systems. In contrast to period doubling, for intermittency the periodic
solution remains stable up to the onset of chaos which manifests itself in
short derivations from the periodic solution which take place at irregular
intervals [38].
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Chapter 2

Deterministic Chaos

2.1 Damped, periodically driven pendulum

Equation (1.59) can be rewritten as

2

% Jra% + sin¢ = Asin(Qt) (2.1)
where the applied frequency 2 has been normalized to the (linearized)
pendulum frequency wy, and the time ¢ is normalized to w ! Equation (2.1)
contains three independent parameters: the strength of the damping «, and
the amplitude A and frequency €2 of the external field. After considering
the general properties of Eq. (2.1) in Section 2.1.1, we analyze the influence
of a second periodic field in Section 2.1.2, and the influence of parameters
Q and « in Sections 2.1.3 and 2.1.4. Finally, Sections 2.1.5 and 2.1.6 are
devoted to symmetry changes and anomalous diffusion.

2.1.1 Transition to chaos

Although Eq. (2.1) does not have an analytical solution, qualitative com-
ments can be made [39]. As previously stated, the existence of chaotic
solutions of a given differential equation requires two conditions. First, the
equation must be nonlinear, which is provided by the sin¢ term in Eq.
(2.1). Second, the equation must have at least three dynamic variables,
which also applies to Eq. (2.1), as was shown in Eqgs. (1.60) and (1.61).
Since the nonlinearity and minimum dimension three of a differential equa-
tion are the necessary conditions for chaotic behavior, no chaotic solutions
will exist for a small driving amplitude A and large damping coefficient
«. Indeed, in the former case, the system oscillates in the small amplitude
regime where it is linear, while in the latter case, the differential equation

27
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system has only dimension two. Chaotic behavior exists for the driving
frequency close to the resonant eigenfrequency of a (linearized) pendulum,
i.e., chaotic effects will occur near 2 ~ 1.

The general properties of the solutions of Eq. (2.1) can be inferred from
the comparison of the driving amplitude A and the magnitude of the torque
acting on the pendulum, which is equal (in dimensionless units) to sin ¢, i.e.,
equal to unity for ¢ = 7/2. For a weak external force, A < 1, the pendulum
will remain at ¢ < 7/2, executing oscillations near the downward position.
However, for A > 1, the strong driving force will lead to full rotations,

For different values of the parameters, Eq. (2.1) exhibits a great vari-
ety of different solutions (running and locked, symmetric solutions to the
downward positions and symmetry-breaking solutions which oscillate with
a larger amplitude to one side than to the other, and, finally, chaotic so-
lutions). Three different paths to chaos have been found [40]: 1) Period-
doubling cascade preceded by the appearance of symmetry-breaking solu-
tions. This cascade is produced for both running and locked solutions. In
the latter case, the frequency is locked to the external frequency. 2) The
loss of phase locking and random transitions between two locked states. 3)
The intermittency form of the transition to chaos occurring for an external
field of large amplitude (larger than the amplitude defining the transition
from locked to running solutions). The trajectories are then a combina-
tion of clockwise and counter-clockwise rotations with damped oscillations
in-between.

The theoretical explanation of the observed striking noise-rise phenom-
ena in a Josephson junction was first presented in a pioneering work [41].
This explanation turns out to be a special case of the general phenomenon of
“deterministic chaos” in nonlinear dynamics. By means of a hybrid digital-
analog computer system, Eq. (2.1) has been solved for a = 0.5 by varying
Q at constant A. The bifurcation diagram (Fig. 2.1) shows the different
types of behavior for different values of driving amplitude and frequency.

This graph shows the variety of different types of dynamic behavior of
a system described by Eq. (2.1). For Q >> 1 or Q << 1 (the external
frequency is much larger or much smaller than the oscillator frequency),
one obtains periodic solutions, which can be quite complicated with sub-
harmonics, harmonics, hysteresis loops, etc. For different regions of the
A — Q plane, one obtains locked or running solutions. At large amplitudes
A, the pendulum performs rotations corresponding to the periodic motion
from one potential well to another (region A). In region B, one encounters
oscillations near the downward position. In this region, the set of period-
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Fig. 2.1 Bifurcation diagram (normalized amplitude as a function of frequency) for a
periodically driven damped pendulum for o = 0.5. Reprinted with permission from [41],
Copyright (1980), American Institute of Physics.

doubling bifurcations appears, leading to a chaotic state. Here the angle ¢
is no longer bound, and the turbulent behavior is characterized by strange
attractors. The structure of these strange attractors can be explained [41]
in terms of two distinct time scales of the motion: the shorter time corre-
sponds to fast oscillations between closely related wells, whereas the longer
time scale is associated with a slower diffusion between separated wells.
This chaotic motion, generated by the deterministic Eq. (2.1), is charac-
terized by the power spectral density S (w) of the autocorrelation function
for the time derivative d¢/dt shown in Fig. 2.2 for the parameters A = 3.8
and ) = 0.64. The large peak observed at the driving frequency broadens
at larger driving amplitudes.

The solutions of Eq. (2.1) have been obtained [42] on a specially con-
structed experimental setup for fixed values of the damping constant a and
the driving frequency 2 : o = 0.24, 2 = 0.67. For small values of the driv-
ing amplitude A, the motion is periodic — the pendulum oscillates back
and force and the spectrum of ¢ = ¢ (¢) has a principal peak at the driving
frequency 2 and smaller peaks at the harmonics of (). For slightly larger
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Fig. 2.2 Power spectrum of the strange attractors for a periodically driven damped
pendulum with A = 3.8, 2 = 0.64 and a = 0.5. Reprinted with permission from [41],
Copyright (1980), American Institute of Physics.

amplitude A, the noise background increases, and for A = 0.69, a period-
two orbit appears. The power spectrum now contains peaks at integer
multiples of /2. Another period-doubling then occurs, and chaos develops
fully at A ~ 0.70.

The onset of chaos in a Josephson junction, described by Eq. (2.1), is
connected [43] with a phenomenon called “high parametric gain” (stochastic
amplification of a weak harmonic signal), manifested as a maximum of
d¢/dt (voltage in a Josephson junction) as a function of Q. Note that for
different values of the parameters, this large gain appears in the absence
of chaos. As is clear from the numerical calculations performed for a =
0.2, both these phenomena appear for the same values of the parameters.
This result was supported by the appearance of strange attractors on the
Poincare map and by analysis of the graph for ¢ (¢), as well as the Fourier
spectrum of d¢/dt [43].

An unexpected application has been suggested [44] for the order-chaos
transition for generating a high level of noise which is approximately white
over a broad frequency region. The idea is based on the fact that the main
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property of white noise — absence of correlation between times ¢; and to
— which applies in the case considered here of motion in an exact periodic
potential, allows the particle to forget its location and limits the time over
which the correlation occurs. The calculated power spectrum of d¢/dt for
Eq. (2.1) for parameters a = 0.1, A = 1.6 and Q = 0.8 is displayed in
Fig. 2.3, which shows that the “white” portion of this spectrum extends
over four decades of frequency [44].
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Fig. 2.3 Power spectrum of the angular velocity for a periodically driven damped pen-
dulum with A = 1.6, 60, Q = 0.8, and o = 0.1. Reprinted with permission from [44],
Copyright (1999), American Institute of Physics.

A different intermittent (or tangent bifurcation) transition to chaos was
found [45] from the numerical and analog solutions of Eq. (2.1) by changing
the amplitude A for fixed @ = 0.5 and Q = 0.47. There exists a critical
value of A, denoted A¢ (in the language of the Josephson junction, A¢ =
0.875 mA), such that for A < A¢, one obtains stable oscillations having
the driving frequency. For A slightly larger than Ac, the system enters
the chaotic regime via an intermittent transition as A is decreased. At
this transition, d¢/dt becomes unstable and periodic oscillations occur,
randomly interrupted by bursts of d¢/dt. These bursts are shown in Fig. 2.4,
where ¢ is plotted as function of time ¢ [45]. The experimental results agree
with theoretical predictions [38].
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27

Fig. 2.4 Phase trajectory for a periodically driven damped pendulum with A = 09045,
Q = 0.47 and o = 0.5. Reprinted with permission from [45], Copyright (1983), American
Institute of Physics.

The comprehensive analysis of the intermittency scenario of the tran-
sition to chaos in Eq. (2.1) was performed [46] for a = 0.5, Q = 2/3 for
different values of the amplitude A of an external field. For A < 1.5, there
exist two separate stable periodic running solutions, clockwise and counter-
clockwise. As A increases, these two modes remain separate while becoming
chaotic. At the critical value A = 1.4945, intermittent switching between
these two modes occurs, producing a large amount of noise at frequencies
smaller than the driving frequency. These results have been confirmed by
analyzing the (¢, d¢/dt) phase portrait and the Poincare sections [47].

2.1.2 Two external periodic fields

As seen in the previous section, a pendulum subject to an external peri-
odic field (Eq. (2.1)) shows chaotic behavior for some values of the control
parameters. One can change this behavior and pass to deterministic trajec-
tories by changing the values of the parameters. Another way for taming
chaotic dynamics is by adding a weak periodic perturbation. Consider the
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following equation

2
dé + a@ +sin¢ = Ap sin(Q1t) + Ag sin(Qat) (2.2)
dt? dt
Numerical calculations have been performed [48] for & = 0.7 and Q7 = 0.25.
For Ay = 1.75 and As = 0, as well as for 25 = 0.1 and A, = 0.0125 << A4,
the behavior of the system is chaotic. However, for larger values of the
second field, Ay = 1, the motion is no longer chaotic, being replaced by
periodic rotations.

Calculations have also been performed for an additional external con-
stant force in Eq. (2.2) (ac current for Josephson junction) having the
following equation of motion

2
% + a% +sin¢ = a + Aj; sin(Q4t) + Az sin(Qst) (2.3)
When A2 = 0 and a = 0.905, the solution of Eq. (2.3) is chaotic with
the maximum Lyapunov exponent equal to about 0.04 [49]. However, by
adding a small perturbation with As = 0.0125, the situation is changed
drastically. Figure 2.5 shows the maximum Lyapunov exponent A as a
function of Qs /.
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Fig. 2.5 Maximum Lyapunov exponent as a function of the ratio of two frequencies for
a damped pendulum subject to constant torque a and two periodic forces with a = 0.905,
a=0.7, A1 = 0.4, A2 = 0.0125. Reprinted with permission from [49]. Copyright (1991)
by the American Physical Society.
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One observes a significant reduction of A, as well as several regimes of
Q5 /94 for which X is negative, i.e., the motion is not chaotic. The sensitivity
of chaotic dynamics to perturbations of initial conditions is complimented
by its strong dependence on weak time-dependent perturbations. These
results are supported quantitatively by experiments performed on an elec-
tronic Josephson junction simulator driven by two independent fields which
also show the quasiperiodicity-chaos transitions induced by a weak external
field [50], which is different from the transition to chaos through period-
doubling bifurcations and intermittency.

2.1.3 Dependence on driving frequency

There are three parameters in Eq. (2.1) having the dimension of inverse
time: the (small oscillation) pendulum frequency wp, which is equal to
unity in dimensionless Eq. (2.1), the driving frequency 2, and the damping
coefficient a. For chaotic trajectories, {2 has to be smaller than wg, that
is, 2 < 1, since ) has to be close to the characteristic frequency of the
pendulum which becomes smaller than wy due to nonlinear effects. The
comprehensive numerical analysis of Eq. (2.1), performed for Q < 1, shows
[40] that for the driving amplitude A larger than the critical value at which
the pendulum begins to rotate, the motion is a combination of clockwise and
anti-clockwise rotations in-between which the pendulum undergoes damped
oscillations. The ensuing sensitivity on initial conditions leads to a chaotic
state. There is some difficulty in finding the minimal driving frequency
Qmin at which chaos still exists. In an earlier work [41], it was found that
the frequency cutoff Q,;, occurs at about «, whereas in the more recent
work [40], it was found that the chaotic region is extended to 2 << 1. In
the limit of 2 << «, (the driving period is much longer than the damping
time of the oscillations), as the driving amplitude passes through zero, the
pendulum almost reaches its equilibrium position before the next rotation.
Interestingly, a chaotic state exists in this low-frequency regime where the
pendulum follows the excitation almost adiabatically.

For the opposite case of Q >> 1, Eq. (2.1) has been solved numerically
and (approximately) analytically [51]. For fixed values of the parameters,
a = 0.2 and Q = 2, the oscillations around the upward position have been
found and exhibit no chaotic regime far from the resonance condition 2 = 1.

The conventional stationary solution of Eq. (2.1) is

@ (t) = Ay cosb1+Ascosbs+AscosOs+...; O = mwt—ay,; 0<ap, <7
(2.4)
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The coefficient A increases with A, and when A exceeds ~ 8.77, A, exceeds
A, = 2.425, which is close to the first zero (2.405) of the Bessel function
Jo (A1) . Symmetry breaking then occurs with respect to ¢ — —¢, and the
stationary solution (2.4) is replaced by the symmetry-breaking solution

¢ (t) = Ag + Ay costy + Ascosby + Az cosbs + ... (2.5)

At this stage, deterministic chaos-like phenomena occur. A change
in the initial condition ¢ (¢ =0) as small as 1077 leads to a change of
Ap in (2.5) by a significant amount. However, such sensitivity to the
initial conditions exists only for particular values of A, in contrast to
deterministic chaos where sensitivity exists almost everywhere through-
out a definite region of parameter space. On further increase of A, |Ag|
reaches 7 at A = 10.58, where the pendulum oscillates around the upward
position. As A continuous to increase, A; increases while |Ag| remains
at 7 until A; reaches approximately the second zero (5.43) of Jy (41).
Then, |Ag| decreases with A; until Ag reaches zero and the pendulum
returns to the stationary regime (2.4). Then, A; again increases un-
til it reaches the third zero (8.65) of Jy (A1), and so on. In the regime
A € (3.16, 5.97), a period-triple state appears, approximately described
by ¢ = Ajcos(wt—a1) + Ajjzcos [(w/3)t —ay/3]. In the regime A €
(3.77, 11.40) , a sinusoidally modulated rotational state appears, approxi-
mately described by ¢ = Ag + A;j cos (wt — aq) £ wt. The two signs corre-
spond to the two directions of rotation. Note that these two modulated,
period-triple states, along with the single-period states (2.4) and (2.5), can
occur for the same value of A, with the initial conditions determining which
state is actually excited. All these results obtained from numerical calcu-
lations are in good agreement with the analytic calculations performed in
the framework of perturbation theory [51].

2.1.4 Role of damping

The equation of motion (2.1) describes not only the dynamics of the pendu-
lum, but also such diverse phenomena as Josephson junctions and charge-
density waves with low and high dissipation. The role of dissipation is of
interest as a part of the general problem of nonlinear dynamics. Numeri-
cal solutions of Eq. (2.1) have been obtained for several values of a and,
in each case, for a large number of values of A and ) using a predictor-
corrector method. The full A—{2 phase diagram has been obtained for small
damping, a = 0.5, which shows both period-doubling and the intermittent
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transition to chaos. These transient regions are very narrow. For exam-
ple, for Q = 0.09, the entire period-doubling cascade occurs over a range
A — A =~ 0.085. Moreover, on the low-regime side, chaotic states adjoin
the periodic state without a transition region, depending on the symmetry
properties which we will discuss in the next section. Such direct transitions
have also been obtained [52] for a@ = 0.2, Q = 0.6, and A = 0.61279. At
high dissipation, no chaotic behavior is found, which might be due to the
fact that such system are described by the overdamped version of equation
(2.1).

In addition to linear damping, some versions of the nonlinear damped
pendulum have also been analyzed. The damping term, « d¢/dt in
Eq. (2.1), was replaced by (1 4 v cos ¢) dp/dt [53]. The transition to chaos
was studied for parameters o = 0.4, A = 0.8,y = —0.8 and decreasing val-
ues of the driving frequencies 2. For 1.2 > 2 > 0.718, only one symmetric
solution exists. From (2 ~ 0.718, a symmetry-breaking bifurcation takes
place, leaving two symmetry-breaking solutions symmetric with respect to
the origin on the phase plane diagram. The first period-doubling occurs
at =~ 0.685 which, after additional period-doublings, leads to two inde-
pendent chaotic attractors. For Q varying from 0.73 to 0.45, alternative
intervals of periodic and chaotic behavior occur. Two interesting sudden
changes in chaotic behavior (“crises”) occur at Q ~ 0.67 and  ~ 0.55,
where a large chaotic attractor is created from two independent chaotic
attractors or from these attractors and two distinct unstable orbits. A
comprehensive analysis of the phase diagram and power spectrum has also
been performed for quadratic [54] and cubic [55] damping.

2.1.5 Symmetry and chaos

As noted previously [47], Eq. (2.1) is invariant under a simultaneous inver-
sion of the pendulum angle ¢ and shift in phase of the driving force by an
odd multiple of 7,

o — —¢; t—t+2n+1)T/2 (2.6)

where T is the period of the driving force and n is an integer. Therefore, if
¢ (t) is a solution of Eq. (2.1), then —¢ (t + (2n + 1) T'/2) is also a solution.
The question arises whether these two functions are the same. If they are
essentially the same, then the solution is said to be symmetric. “Essentially
the same” means that they can differ by an integer number of complete
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revolutions,
—o(t+ (2n+1)T/2) = ¢ (t) + 2mn (2.7)

Otherwise, both solutions are termed broken-symmetric. An interesting
connection exists [52] between this symmetry property and the development
of chaotic solutions via the period-doubling mechanism. It follows from
(2.7) that

d _d¢
- [p(t+ (2n +1)T/2)] = —

which means that a symmetric solution is a periodic solution with a period

(2.8)

T, = (2n+1)T, which is an odd-integer multiple of the driving period
T. Averaging Eq. (2.8) over T shows that (d¢/dt) = 0, and the even-
integer multiples of the fundamental frequency ws = 27 /Ts are missing in
the power spectrum of the symmetric solutions of Eq. (2.1).

The numerical solution of Eq. (2.1) shows the change in symmetry upon
the monotonic change of the control parameters [56]. Figure 2.6 shows the
change of the angular velocity d¢/dt of the Poincare section as a function

dp[ T T T T ]
dt |~ ]
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Fig. 2.6 Angular velocity as a function of the inverse damping parameter for a pe-
riodically driven damped pendulum with A = 1.5, Q = 0.67 and initial conditions
¢o = (d¢/dt)o = 0. Reprinted with permission from [56]. Copyright (2006) Richard
Fitzpatrick.
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of the inverse damping coefficient a~! at fixed values of the parameters

A = 1.5, Q = 2/3 and initial conditions ¢,—¢ = (d¢/dt),_, = 0. As seen
from this figure, at a~! = 1.245, the monotonic increase of d¢/dt reaches
a maximum, and then started to decrease. The analysis of the ¢ — d¢/dt
phase curve shows [56] that the elliptic trajectories symmetric with respect
to the origin are replaced at a~! = 1.245 by the asymmetric trajectories,
indicating that the pendulum spends more time in the region ¢ < 0 than in
the region ¢ > 0. Note that this spatial symmetry-breaking solution occurs
for the fully symmetric nonlinear pendulum equation. The explanation for
this strange behavior is as follows: at a~! = 1.245, the nonlinear system
with fixed control parameters starts to be sensitive to the change of initial
conditions. In Fig. 2.7, the lower curve shows the Poincare section of the
trajectory started at ¢,—o = 0, (d¢/dt),_, = —3. For this curve, the phase
trajectory is also non-symmetric, being the mirror image of the trajectory
related to the upper curve of Fig. 2.7. Therefore, the two curves of Fig.
2.7 correspond to the left and right favoring attractors, respectively, and
this symmetry-breaking occurs (in this case) at a~! = 1.245.
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Fig. 2.7 Same as 2.6 with different initial conditions ¢o = 0, (d¢/dt), = —3. Reprinted
with permission from [56]. Copyright (2006) Richard Fitzpatrick.
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In Fig. 2.8, we show the two types of regions in ¢y—¢ — (d¢/dt),_, phase
space that lead, at t — oo, to the different attractors shown in Fig. 2.7.
The boundary between these two regions is called the separatrix.

3

df
dr =0}

Fravanan

e vanw
I L TR CENES St SRS S S S

-1.0 -0.5 ¢ (0)/ 7 0.5 1.0

Fig. 2.8 The basin of attractors for a periodically driven damped pendulum. The tra-
jectories which start in the white and dotted regions lead to left-shifted and right-shifted
(see text) attractors, respectively. Reprinted with permission from [56]. Copyright (2006)
Richard Fitzpatrick.

2.1.6 Diffusion in a chaotic pendulum

The characteristic property of deterministic chaos — exponential depen-
dence on initial conditions — leads to an ensemble of trajectories that start
out with slightly different initial conditions. These trajectories are equiva-
lent to random walks that exhibit diffusion. Such diffusion can be normal,
with a mean-squared amplitude depending linearly on time, or anomalous,
with (¢)?2 ~ t* where u # 1. Consider first the Hamiltonian system (a = 0
in Eq. (2.1) ) [57]. One of the two remaining parameters was kept constant,
A = 1.2, and the value of p was calculated for 2 = 0.1, 0.8, 1.4, and 1.5.
The initial conditions for 960 trajectories were chosen from a square grid
¢1—o € [—0.1,0.1] and (d¢/dt),_, € [-0.1,0.1]. For small Q (2 < 0.8),
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i = 1.48, whereas for large (2 = 1.4 and Q = 1.5), u = 2 [57]. The chaos
considered is of the intermittent type, which means that at this transition,
d¢/dt becomes unstable and periodic oscillations are randomly interrupted
by bursts of d¢/dt. For large ), there are few bursts, and for periodic
oscillations the motion is ballistic, which leads to u = 2. For small €2, the
motion is a combination of ballistic motion (x = 2) and normal diffusion
during the bursts (1 = 1), which leads to p = 1.4.

The analysis of diffusion in a chaotic state for Eq. (2.1) has been per-
formed [58] for A = 0.78,Q = 0.62 and different « € [1/3,1/7]. It was shown
(Fig. 2.9) that two trajectories with nearly identical initial conditions are
very different, and they are not monotonic in time. This means that for
the statistical average, one has to take the average of a large number of
trajectories. Indeed, the authors [58] considered 1600 individual time series
with 40 x 40 of initial conditions centered around the origin. The results
(Fig. 2.10) are remarkably different from Fig. 2.9.
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Fig. 2.9 Squared pendulum angle as a function of time for a periodically driven damped
pendulum with A = 0.78, Q2 = 0.62 and « = 0.25. Reprinted with permission from [58].
Copyright (1996) by the American Physical Society.
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Fig. 2.10 Ensemble average (¢(t)2) for three different values of the inverse damping
parameter, which shows deterministic diffusion. Reprinted with permission from [58].
Copyright (1996) by the American Physical Society.

Detailed analysis shows that there are many periodic windows embed-
ded within the prevalent chaos. Therefore, the diffusion coefficient is not
too sensitive to changes of the parameter «, but it can be considerably
enhanced very close to the edge of a periodic window. The results depend
on the type of periodic solution. If the latter, which started at some a,
describes the running solution, corresponding to p = 2, then the chaotic
diffusion coefficient approaches this value proportional to |a, — a\_l/ 2 If
the periodic solutions are bounded in space, which corresponds to zero
diffusion coefficient, the chaotic diffusion coefficient approaches this value
proportional to |ae, — a|1/2. Special attention has been given to the anal-
ysis of intermittent chaos which appears at a~! = 5.78, where the system
randomly switches back and forth between two nonrotating periodic states.
The (interrupted) diffusion can occur only for chaotic bursts, which gives

w=1.
2.2 Analytic methods

The pendulum equations do not have analytic solutions in the chaotic re-
gions, and we have to content ourselves with numerical solutions. There are,
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however, two types of analytic analysis of the chaotic behavior discussed
by Feigenbaum and Melnikov.

2.2.1 Period-doubling bifurcations

In Figs. 2.6 and 2.7, we saw a sudden change in the behavior of d¢/dt as
a function of a~! at o~ = 1.245, showing the transition from one to two
attractors with different left-right symmetry. As a~! increases, another
sudden transition occurs at o~ = 1.348 (see Fig. 2.11), showing that the
left-favoring trajectory splits into two trajectories.

da¢
dt

1.4

1.2

Fig. 2.11 Continuation of Fig. 2.6 for larger values of a~!. Reprinted with permission
from [56]. Copyright (2006) Richard Fitzpatrick.

As seen in Fig. 2.12; the same splitting occurs for the right-favoring
trajectories at almost the same value of the control parameter a~!. These
bifurcations are called the period-doubling, because for a=! < 1.348, the
period of oscillation is equal to the period of the driving force, and tra-
jectory closes after one revolution, whereas for a~! > 1.348, the period
is twice the period of the driving force, and the trajectory closes after
two revolutions. This period-doubling bifurcation is an example of tempo-
ral symmetry breaking which is complimentary to the spatially symmetry
breaking at a~! = 1.245 considered above. With further increase of the
control parameter o', this process of frequency doubling is repeated over
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Fig. 2.12 Same as Fig. 2.6, but the data are shown for initial conditions ¢9 =
(dp/dt)y = 0 and ¢g = —n/2, (dp/dt), = —2 for the lower and upper branches, re-
spectively. Reprinted with permission from [56]. Copyright (2006) Richard Fitzpatrick.

and over (Fig. 2.13): after the first doubling at the first critical value
a;l = 1.348, the second doubling bifurcation (from period 2 to period 4 of
the driving force) occurs at a;l = 1.370, the third (from period 4 to period
8) at agl = 1.375, etc. As seen from Fig. 2.13, as n increases, the dis-
tance between two succeeding bifurcation «; !
smaller, asymptotically approaching the accumulation point a . The lat-

— a1, becomes smaller and

ter corresponds to the infinite series of period-doubling bifurcations, which
means that the motion never repeats itself, and is thereby chaotic.

The qualitative picture described above was supplemented by a quan-
titative theory in a remarkable work [59]. It was found that there is an
universal (independent on n) ratio of two succeeding values of the param-
eters defining the period-doublings,

0[71

el T = @ = 4.6692... (2.9)
Qn - — 0,

The numerical solution of Eq. (2.1) for different values of the amplitude
A of an external field has been performed [60] for a = 0.5 and Q = 2/3.
The first period-doubling occurs at A; = 1.073 and the second occurs at
Ay = 1.081. For A = 1.5, the motion becomes chaotic. The fact that the de-
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Fig. 2.13 Continuation of Figs. 2.6 and 2.12 showing the full set of period-doubling
bifurcations. Reprinted with permission from [56]. Copyright (2006) Richard Fitzpatrick.
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Fig. 2.14 Poincare section for a periodically driven damped pendulum with Q = 2/3,
a = 0.5 and initial conditions ¢o = 0, (d¢/dt), = —3. The left graph shows the regular
trajectory of period 4 with A = 1.081, whereas the right graph with A = 1.5 describes
the chaotic motion. Reprinted with permission from [60]. Copyright Tankut Can and
Wynton Moore.

terministic chaos appears in deterministic equations means that the initial
conditions fully describe the behavior. However, the chaotic solutions are
nonperiodic, i.e., they never exactly repeat themselves. For periodic solu-
tions, the Poincare sections contain a discrete number of points (depending
on the period of given solution), whereas there are an infinite number of
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points for a chaotic solution. The latter can be seen by comparing of the
Poincare sections in Fig. 2.14.

The left graph, which corresponds to A, = 1.081, has four points in the
phase space displaying graphically the periodic motion with period four,
whereas the right graph depicts non-periodic motion for which the points
are not expected to repeat.

A most important fact is that the Feigenbaum number ® describes not
only the pendulum, but also the period-doubling transition to chaos in
many other systems. Therefore, it is a general property of nonlinear dy-
namic systems. Feigenbaum began his search for universal numbers by
examining the period-doubling cascade in the quadratic map of the form
Tpt1 = Az, (1 — x,) . With the help of a pocket calculator, he found the
values of A at which the first few period-doubling bifurcations occur (Ta-
ble 1).

Table 1. Period-doubling bifurcation values for the quadratic map.

A1 =30 A4 = 3.5644
A2 = 3.4495 | A5 = 3.5687
A3 = 3.5441 | X¢ = 3.5697

Based on his calculations, Feigenbaum found [61] that

)\n—l - )\n—2 a
)\n - )\n—l ' * " ( )
where the three universal constants in these equations are ® = 4.6692,
Ao = 3.5698 and a = 2.637.
In the following sections, we present the results of numerical calculations
of period-doubling bifurcations for different types of pendulum equations.

2.2.2 Melnikov method

A comprehensive presentation of the Melnikov method has been given [62].
Here we apply this method to Eq. (2.1) of the damped driven pendulum.
To use the Melnikov method, one must rewrite Eq. (2.1) as two first-order
differential equations,

dp _ . W _

prit i —sin¢ — eay — eAsin () (2.11)
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For ¢ = 1, these equations reduce to Eq. (2.1), and for e = 0, they
represent the unperturbed system,

¢ _ .. _

a Y I —sin ¢, (2.12)

The latter equations have a saddle-type equilibrium for ¢ = +7, and
the center-type equilibrium position for ¢ = 0. The trajectory that begins
and ends in the saddle point surrounding the center is called the homo-
clinic trajectory. If a pendulum has the potential energy of the upward
position, then the pendulum will be moving on the homoclinic trajectory.
The trajectory that connects two bifurcation points is called the hetero-
clinic trajectory. Dynamic systems are characterized by attractors, which
attract the trajectories from a set of initial conditions (basin of attraction).
If system has two (or more) attractors, the boundary between different
attractors is called the separatrix. For two attractors, the separatrix is a
simple curve. The two basins of attraction (black and white regions) and
the separatrix are shown in Fig. 2.15 [63].

This curve has a fractal structure which means that analyzing the basin
boundary of successively smaller and smaller region of the phase space
yields the same structure (self-similarity). For a non-dissipative system,
the separatrix may split as result of a perturbation.

In Fig. 2.16, we show [64] the separatrix for an unperturbed system,
described by Eqgs. (2.12), and three possible forms of the separatrix for
a perturbed system (2.11). Only the last case (with many intersections)
describes chaotic behavior. The Melnikov function [65] defines the distance
between the two parts of a split separatrix, the vanishing of which describes
the onset of chaos. In order to use the Melnikov theory, one has to find
the heteroclinic trajectories ¢y, (¢) for the unperturbed problem, and then
substitute this function in the Melnikov integral,

M (to) = / on (£ — to) I (t— to) dt (2.13)

where ef is the perturbation described by Eq. (2.11). In our case,

¢r (t) = £2arctan (sinh t) ; (2.14)

M (t) = /OO un (£ — to) [Asin (1) — agn (¢ — to)] dt (2.15)
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Fig. 2.15 Typical basins of two attractors (shown in black and white) with the boundary
(separatrix) between them. Reprinted from [63], Copyright (1987), with permission from
Elsevier.

which gives [66]

M (tg) = —8a £ 2w Asech (7€2/2) sin () (2.16)

The vanishing of the Melnikov function (2.16) defines the occurrence
of homoclinic points, which are “precursors of chaos”. The actual chaos
threshold is located a little bit over the Melnikov criterion. The Melnikov
method is a perturbation approach, which, strictly speaking, is correct, only
in the limit ¢ << 1. With these constraints, Eq. (2.16) gives the Melnikov
criterion for the onset of chaos,

A> 4—acosh (72/2) (2.17)
77
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b)

c) d)

Fig. 2.16 Possible forms of the Melnikov function M (to): a) M (to) = 0 (unperturbed
system), b) M (to) < 0, c) M (to) > 0. d) M (tog) changes its sign at some ¢y (chaotic
behavior). Reprinted with permission from [64], Copyright (1980), American Institute
of Physics.

2.3 Parametric periodic force

Thus far, we have considered a pendulum whose suspension point is at rest.
The motion of the suspension point gives rise to a multiplicative force in
the dynamic equation, unlike the external force which enters the pendulum
equation of motion additively. When the suspension point performs verti-
cal oscillations u (t) = asinwt, the system becomes non-inertial, and it is
convenient to use a non-inertial frame of reference fixed to the moving axis.
Newton’s law must then be modified by the addition of the force of inertia
—md?u/dt?. This means that for a pendulum with a vertically oscillating
suspension point, one has to replace the gravity g by g — d?u/dxz?, which
leads to the following dimensionless equation

&e + a@ + [1 4+ Asin(Q2¢)]sing =0 (2.18)

dt? dt

When the suspension point executes periodic horizontal oscillations,
similar arguments lead to the following equation
d? do

Tz + a +sin¢g + Asin(Qt) cosp =0 (2.19)
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We will first consider the vertical and horizontal oscillations of the sus-
pension point separately, and then the general case when the suspension
point moves harmonically in both the horizontal and vertical directions,
leading to the following equation of motion

?¢  do

e + a—y + Apsin(Qt) cos ¢ + [1 4+ Az sin(Qst)]sing = 0 (2.20)

2.3.1 Pendulum with vertically oscillating suspension point

Equation (2.18) cannot be solved analytically. A numerical analysis of Eq.
(2.18) was performed in 1981 by McLaughlin [67] for Q = 2 and for three
values of @ (0.2, 0.05 and 0). In order to obtain motion with a finite am-
plitude, the control parameter A has to satisfy the condition A > «a/2
[68]. For o = 0.2, simple vibration of period 27 is the only solution for
1.426 > A > 0.4. At A = 1.426, two rotations of period 7 appear. Then, at
A = 1.582, these rotations go through a period-doubling bifurcation, until
finally, a pair of strange attractors appear. Up to A = 2.088, the sign of
d¢/dt is negative (clockwise rotation), but for larger A, the angular velocity
occasionally switches sign. The strange attractors exist up to A = 3.16. Be-
yond this point, there are two stable solutions of period 7. Thus, increasing
the control parameter A causes the system to go through the transforma-
tion order-chaos-order. Qualitatively similar behavior takes place for the
damping constant a = 0.05. However, no strange attractors exists for the
Hamiltonian case (« = 0), and the double-frequency bifurcation leads to
the destruction of stable zones.

The numerical solution of Eq. (2.18) has been obtained for different
sets of parameters [69]. For a = 0.15 and Q = 1.56, the results are similar
to those obtained in [67], with a fully chaotic regime for A > 0.458. The
behavior of a system near the latter point depends on the initial conditions.
The onset of chaos has been checked by an analysis of the power spectrum
and the Lyapunov exponents [69]. These results has been confirmed by
experiment [70].

2.3.2 Transition to chaos

Depending on the values of parameters a, A and Q in Eq. (2.18) and the
initial conditions, the pendulum can undergo different types of dynamic
behavior, such as oscillations, rotations, which, upon increasing the param-
eters, lead to oscillating and rotating chaotic solutions. A comprehensive
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analysis has been performed [71] for & = 0.1 and Q = 2. Oscillating chaos
appears at A = 1.3426, whereas rotating chaos settles down at A = 1.81.
In addition to these two types of chaotic motions, there is a third type of
chaos, termed “tumbling chaos.” The latter is an irregular combination of
rotation and oscillation, in which the pendulum completes an apparently
random number of clockwise (or anti-clockwise) rotations before changing
direction, while performing a number of oscillations about the hanging po-
sition. The tumbling attractor appears at A = 2.
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Fig. 2.17 Rotating chaos for a parametrically driven damped pendulum with A = 1.81,
Q =2, and a = 0.1. The three graphs show the Poincare section, the time dependence
of the angular velocity and the phase diagram. Reprinted from [71]. Copyright (1996),
with permission from Elsevier.
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The results of the analysis of rotating chaos for A = 1.81 and 2 = 2 are
shown in Fig. 2.17, which exhibits the Poincare section, the time depen-
dence of the angular velocity and the phase diagram [71]. It turns out that
the zones of oscillating and rotating chaos occupy only a very small part
of parametric space, whereas tumbling chaos occurs over a broad band of
parameters. The fact that this region is comparatively large indicates that
the response is robust with respect to small changes in the system parame-
ters, whereas oscillating and rotating chaotic motions are less structurally
stable.

The three different types of chaos described above can be characterized
by the rotation number [72],

g 90— 6(0)

Q 0 Ot (221)

The rotation number p vanishes identically for periodic oscillations and
takes non-zero values for periodic rotations. For tumbling chaos, the rota-
tion number is not well defined, being subject to fluctuations, but one may
define the rotation interval over which p fluctuates. Viewing the rotating
number as an order parameter, the results of the numerical solution of Eq.
(2.18) can be used to construct the p— A phase diagram, which was further
clarified in combination with the analysis of bifurcation diagrams.

The period-doubling transition to chaos in Eq. (2.18) for @ = 0.2 and
Q = 2 has been discussed [67]. The vibration with the period of a driv-
ing field starts at A > 0.4, and this vibration is the only solution up to
Ay = 1.426 4+ 0.024 [67]. At Ay, two distinct (clockwise and counterclock-
wise) rotational motions appear. Each goes through an additional period-
doubling at A, = 1.5850 + 0.0050, etc. Finally [67],

Ay— Ay A3 — Ay Ay — Ag

=56+£1.0
(2.22)

It is possible that this sequence is described by the Feigenbaum constant

® = 4.669. The end result of cascade of period-doubling bifurcations is a

pair of strange attractors.

2.3.3 Melnikov method

The Melnikov method is an approximate procedure which allows one to find
analytically the region of parameters where chaos occurs. The governing
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equation (2.18) can be rewritten

% =y; CC% = —cay — [1 — eAsin (Qt)]sin ¢ (2.23)
where the small parameter ¢ << 1 permits the use of perturbation theory.
Some questions that should be answered for fixed values of parameters €2
and « are the following:

1. For which values of driving amplitude A does chaos occur?

2. How small do the damping and the driving force have to be to justify
the perturbation procedure? Equivalently, how small does the parameter ¢
have to be?

3. How important is the division of the equation of motion into the
unperturbed problem (¢ = 0) and perturbation?

Here, we will answer the first two questions, leaving the third question
to Section 2.5.

For homoclinic orbits, the Melnikov function is

M (ty) = 2m AQ%cosech (792/2) sin (Qtg) — 8a (2.24)

which gives the following condition on the driving amplitude for the occur-
rence of chaos,

A 4 7€)
E Z Wsmh (2) 5 (225)

For Q = 1.56, (A/a),;, = 3.0102. This result can be compared with
the numerical results in Table 2 [73]. It is seen that for these values of the
“small” parameter ¢, the Melnikov criterion gives quite reasonable results.

Table 2. Numerical parameters for the bifurcation.
€ Ala

0.15 | 3.0097 £+ 0.003

0.3 3.0083 = 0.003

0.5 3.0081 + 0.001

2.3.4 Parametric periodic non-harmonic force

Thus far, we have restricted our discussion to a pendulum subject to har-
monic vertical oscillations of the suspension point. Harmonic functions are
the simplest solution of the linear harmonic oscillator, and they are usually
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used as an external force for the linear oscillator leading to different reso-
nant phenomena. For the nonlinear dynamics considered here, the natural
choice of the driving force is the eigenfunction of the appropriate nonlinear
problem. As seen in Section 1.2, for the pendulum, those are the Jacobi el-
liptic functions. The elliptic functions f (¢,m) belong to a class of periodic
functions f (¢,m) = f (¢t + T, m) having parameter m. The most common
elliptic functions are sine and cosine amplitude Jacobi functions sn(Qt, m)
and cn(Qt, m) with 0 < m < 1. For the limiting values m = 0 and m = 1,
sn(Q2t,m) and cn(Qt, m) reduce to the trigonometric functions, sin (2¢) and
cos (2t), and to the hyperbolic functions, sech(2t) and tanh (Qt), respec-
tively.

The generalization of Eq. (2.18) to the case for which the suspension
point executes a vertical periodic displacement, cn(2¢,m) of amplitude A
and frequency 2 satisfies the following equation.

2
% + a% +[1+ Acen(Qt,m)]sing =0 (2.26)

The numerical analysis of Eq. (2.26) has been performed [74] for o = 0.1
and € = 1.5. The results of the calculation of the chaotic parametric set
are shown in Fig. 2.18.

The Lyapunov exponents have been calculated for each point on this
m — A plane. The points with a positive Lyapunov exponent (chaotic
regions) are black and those with a negative exponent are white. One
may consider the horizontal lines as a kind of bifurcation diagram. As
an example, the line m = 0 corresponds to the harmonic function in Eq.
(2.26), which reduces to Eq. (2.18). On the other hand, one can draw a
vertical line in Fig. 2.18, and vary m from zero to one. For example, a
vertical line at A = —4 crosses the black region only in a small range of
values of m close to m = 1, i.e., the majority of trajectories for this value
of A are non-chaotic.

The Melnikov method has been used [75] for the analysis of Eq. (2.26)
which can be rewritten as

% =; % = —sin¢ — eay — e Acn () (2.27)

The Melnikov function calculated for the homoclinic orbit is

M (tg) =2 /_ij sech [h (t — to)] [—Aen(2t, m) sin (t — tg) — asech (t — ¢g)] dt
(2.28)
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m
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Fig. 2.18 Chaotic diagram for a pendulum with a periodic non-harmonic force in the
m — A plane, where A is the amplitude and m is the characteristic parameter of the
Jacobi elliptic function. The white points correspond to a negative Lyapunov exponent,
whereas the black points correspond to a positive Lyapunov exponent (chaotic behavior).
Reprinted with permission from [74]. Copyright (1998) by the American Physical Society.

After calculating the appropriate integrals, the Fourier expansion of
en(Qt, m) yields, the Melnikov criterion for the onset of chaos [75],

4
«

<J7H(Q,m) (2.29)

where

16mK3 2K

4 2 o0 .
I (@) = 1205 2+ 1)7seen | LT
=0

(2.30)

. 2
« esch {@HUW}

4K

and K (m) is is the complete elliptic integral of the first kind and K; =
K (V1 —-m?)

For m = 0, the criterion (2.29) reduces to (2.25), which was obtained for
a pendulum with vertically harmonic oscillations of the suspension point.
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2.3.5 Downward and upward equilibrium configurations

The prediction of stability for the upward position of a pendulum subject
to vertical oscillations of the suspension point, was obtained more than
a century ago [76]. We shall explain physically [77] why rapid vertical
oscillations of the suspension point stabilize the inverted (upward) position
of a pendulum. In Eq. (2.18), the torque of the gravitational force tends to
tip the pendulum downward while the torque of the inertial force (averaged
over the period Q of rapid oscillations) tends to return the pendulum to
the inverted position. If the latter is large enough, the inverted position of
a pendulum will be stable. The quantitative criterion for such stabilization
can be obtained in the following way [77]. One starts with the conjecture
that the angle ¢ is the superposition of two components

¢ = ¢slow + ¢fast7 (231)
implying
sin ¢ /2 sin ¢Slow + ¢fast COs ¢slow (232)

where the “slow” angle, ¢s0w, has a small variation during a period of
constrained oscillations, whereas the “fast” angle, ¢ 44, is small with zero
mean value, (¢rqst) = 0. The angle ¢qq oscillates with high frequency
and has an amplitude proportional to the sine of the momentary value of

¢ = ¢slow7
Prast = —Asin sion sin (1) (2.33)

According to this equation, the average value of the gravitational torque
(sin@) = (sin ¢siow), which is the same as for a pendulum with a fixed
suspension point, whereas the average value of the inertial torque

(Asin ¢ sin (Qt)) = (Asin (dsiow + Prast) sin () ~
R (A sIn Gsiow + AP past COS Pgion sin (1)) (2.34)

contains an additional term which is equal to %A SIN @ sjow COS Psjow, Where

Eq. (2.32) and sin® () = % have been used. Comparing the latter term
with the gravitational torque shows that the inertial torque can exceed the
gravitational torque and cause the pendulum to tip up when the following
condition is fulfilled,

A%Q2 > 1 (2.35)
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The latter formula can be rewritten for the dimensional amplitude and
frequency,

1 A2Q2 5 36
ST (236)
Adding damping in Eq. (2.18) causes the stability of the inverted state
to decrease while the stability of the downward position is enhanced [78].
The comprehensive numerical solution of Eq. (2.18), written in a slightly
different form,

2
CcliT(f + a% + [w§ + Asin(Qt)] sing = 0
has been obtained by Bartuccelli et al. [79]. For parameters o = 0.03,
w? = 0.5, and = 1, a period-doubling transition to chaos occurs when
the parameter A is increased above 0.55, corresponding to the downward
stable point. For A.. = 0.640, the motion is fully chaotic. On the other
hand, for a = 0.08, w3 = —0.1, and Q = 1, the upward position is stable for
A < A, = 0.623, when chaos occurs. It was also found [79] that different
attractors fill the entire phase space. In other words, every initial boundary
condition will eventually end up in one of the attractors.

2.3.6 Boundary between locked and running solutions

Of great importance for many applications are the values of the parame-
ters that determine the boundaries between locked and running solutions
(“escape parameter region”). This problem is analogous to the escape of
a particle from a potential well. To solve this problem for the paramet-
rically excited damped pendulum, one uses the harmonic balance method
[80]. This yields the following dimensionless equation defining the transition
from the locked to the running solution in the {2 — A plane

02 2 204 A2
(4_1) B (2.37)

An unconventional approach has recently been taken [81] to obtain the
analytical solution of the problem of the locked-running transition by trans-
forming the differential equation (2.18) into an integral equation. Multi-
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plying Eq. (2.18) by d¢/dt yields the law of the conservation of energy,

d [1 [dop\? B do\*  do .
pr [2 (dt) —cosqﬁ} =—o (dt) _AE cos () sin ¢ (2.38)

Integrating this equation leads to

2 2
(Zf) —2cos ¢ — (ﬁ)O—QCOS(ﬁO = (2.39)

Ldo(r) d ¢ d
—2a /to QZY) d—fdr —2A . cos (Qr) sin ([¢] r) d—fdr
where ¢g and (d¢/dt), are the initial conditions at time ¢y. For rotations,
d¢/dt # 0, and one can find the inverse function ¢ = ¢ (¢) . For the function
do/dt = [¢(t)], the inverse function is

b ods
t=t 2.40
"y 7 (240
One rewrites Eq. (2.39) as
2
1/}(¢)22cos¢<d¢) —2cos gy =
at /,

¢ o) z
—2a [ (s)ds— 2A/ cos (Qto + Q/ ds/v (s)) sinzdz  (2.41)
%o %o %o

For rotations with period T,

¢(T) = ¢ (to +T) = o + 2m; Z—f(T)z ill—(f(to+T): (Cﬁ)o, (2.42)

Using Eq. (2.42), one can rewrite Eq. (2.39) for ¢ = ¢¢ + 27,

aB + Acos (2ty) C — Asin (o) D = 0, (2.43)
where
bo+27 bo+2m z
B = / Y(s)ds; C= cos (Q/ ds /v (s)> sin zdz
0 %o 0

$ot+2m z
D = / sin (Q ds/v (s)) sin zdz (2.44)
$o $o
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Defining the angle 5 by
C D

Sil’lﬁ = \/ﬁ, COSB = W’ (245)
Eq. (2.43) becomes
. o B

Equation (2.46) implies that a periodic solution exists if and only if the
amplitude A of the external force satisfies

aB
WeEn
Equation (2.47) was obtained by an exact analytical calculation for the

function 1) (¢) which defines the trajectory d¢/dt = 1 (¢) in phase space.
This approach leads to a convenient form of perturbation theory [81].

A> A, = (2.47)

2.3.7 Pendulum with horizontally oscillating suspension
point

Equation (2.19) is symmetric with respect to the following transformations

do do T
=L Z 2.4
o — o T T+ 5 (2.48)

The trajectory in phase space (¢, d¢/dt, t) that is invariant under these

¢ — —¢;

symmetry transformations is called a symmetric trajectory. Otherwise,
it is called an asymmetric trajectory. Detailed numerical analysis of Eq.
(2.19) has been performed [82] for different values of the amplitude A of
an external field in the interval A € (0,15), for o« = 0.1 and Q = 0.8. Five
cascades of double-frequency bifurcations were found for specific values of
A which satisfy the Feigenbaum theory [59]. The numerical solution of
Eq. (2.19) shows that upon increasing the control parameter, the system
executes a series of the period-doubling bifurcations before the transition
to chaos. The control parameter F used in [82] is related to our control
parameter A by A = 0.64 F. The first five bifurcations for the subsequent
period-doublings occur at Fy ~ 1.430786, Fy ~ 1.441438, F5 ~ 1.443138,
Fy ~ 1.443480, F5 ~ 1.443553, which gives the following results for the
Feigenbaum number @,

F—F 35— Fy Fy— F;5

= 6.2681; = 4.9696;
B F, 0208k s Fy

=4.6686  (2.49)
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approaching the theoretical prediction ® = 4.6692.

Equations (2.49) describe only the initial part of this diagram near the
first cascade of bifurcation. The entire order-to-chaos transition is much
more complicated. It shows the appearance of additional cascades of the
period that are three times as large as the period of the external force with
its subharmonics that appear near F' = 10.27 and 10.75. In addition, there
are several chaotic bands for 1.44 < F' < 1.62, a small band near F' = 7.01, a
band for 10.46 < F' < 10.75, etc. The periodic and quasi-periodic solutions
lie between these bands of chaotic solutions.

At the limiting value F' = 1.4436, the behavior of the system becomes
chaotic. The appearance of frequency-doubling and the transition to chaos
can be clearly seen in each cascade. For the first cascade, the transitions
of periodic orbit — frequency doubling — chaos can be seen from the
(¢, d¢/dt) phase plane shown in Fig. 2.19.

Additional information has been obtained [82] by studying the Lya-
punov exponents, the power spectrum and the evolution of strange attrac-
tors upon changing the control parameter A. The solutions of Eq. (2.19)
have been studied numerically for different frequencies of an external field
at constant amplitude [83]. As the frequency is decreased, at sufficiently
large amplitude, the system progresses from symmetric trajectories to a
symmetry-breaking period-doubling sequence of stable periodic oscillations,
and finally to chaos.

The analysis of Eq. (2.19) has been performed [84] for the special case
of small amplitude and high frequency of the external field. The latter con-
ditions are satisfied if one replaces the frequency €2 of the external field by w
such that w = Q/e. The small parameter ¢ also determines the magnitude
of the amplitude, A = 8. One obtains 2ae for the damping coefficient.
In terms of these new parameters and the dimensionless time 7 = Qt,
Eq. (2.19) takes the following form

d*¢ do _ 9 .
] + Qasg — BesinTcos¢ +e“sing =0 (2.50)

According to the method of multiple scales [85], one seeks the solution
of Eq. (2.50) of the form

¢ =do+eds+epa+ ... (2.51)



60 The Chaotic Pendulum

Fig. 2.19 Period-doubling bifurcations for a horizontally driven pendulum: a) Period-
1 solution at F' = 1.429, b) Period-2 solution at F = 1.4359, c¢) Chaotic solution at
F = 1.45. Reprinted from [82], Copyright (1996), wih permission from Elsevier.
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where ¢,, is a function of €",,. Then,

d
- = DO —|—€D1 —|—€2D2 + ..
dr

d2

=
where D,, = d/dr, Inserting (2.51) and (2.52) into (2.50) yields three
equations for the coefficients of €%, ¢! and £2,

= D§ +2eDoD; + 26*Dy Dy + 2D .. (2.52)

Dipo =0 (2.53)
D3¢y = —2DgD1 g + Bsin 1y cos ¢pg — 2aDypy (2.54)

D3¢y = —2DgD1¢1 — 2DgDayg — D3 (¢o — sin ¢y)
—20[D0¢1 - 20&D1¢0 - 5¢1 sin To COS ¢Q (255)

The solution of Eq. (2.53) that does not increase with time is ¢g =
Const. Using Eqgs. (2.54) and (2.55), and eliminating the secular (un-
bounded) terms yields three solutions for the stationary state, ¢o = 0,
¢o = 7 and ¢y = cos ™ (2/ﬁ2) . Stability analysis [84] shows that the fixed-
point solution ¢y = 7 is always unstable, whereas for A/l < v/2w/Q, the
only stable point is ¢ = 0. When the amplitude of the external force
increases beyond v/2wl /82, the zero solution becomes unstable, and the two
stable solutions are 4 cos™* (2 / 52) . This analytic result, which is supported
by the numerical solution of Eq. (2.50), is quite surprising. Indeed, the pen-
dulum with horizontal oscillations of the suspension point does not perform
oscillations around the horizontal axis, but rather around an inclined axis!

One can also apply the Melnikov method to analyze the horizontal mo-
tion of the suspension point. We rewrite Eq. (2.19)

dp dy . do .
= i sin ¢ — e il eAsin(Qt) cos ¢ (2.56)

The Melnikov function is [86]
9 7
M (tg) = —8a — 2w AQ~ sech | cos (Qto) , (2.57)

with the following amplitude A of the external force which defines the
occurring of chaos,

A 4 7§}
— > ——cosh | — 2.
o2 cos ( 5 > (2.58)

w02
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Analyzing this equation shows [86] that it is more difficult to find a re-
gion in which system evolves into a nonchaotic regime when the (linearized)
eigenfrequency is raised for a given driving frequency. In other words, for
given amplitude of the driving force, suppression of chaos is easier when
the pendulum eigenfrequency is lower.

2.3.8 Pendulum with both vertical and horizontal oscilla-
tions of the suspension point

The Melnikov method can also be applied to the analysis of equation of
motion (2.20). In the general case, the trajectory of the suspension point,
subject to two orthogonal harmonic oscillations, is quite complicated. For
simplicity, consider the case A} = As = A and Q1 = Q5 = Q, for which the
motion is circular. Then, the Melnikov function is [86]

M(tg) = —8a — 21 AQ? [sech (?) + csch (?)] cos(Qtg)  (2.59)

The vanishing of the Melnikov function (2.24) defines the “precursors
of chaos,” and the amplitude A of the external force which defines the
occurrence of chaos is defined as

A 4 7€) aQ\] "
i p— R R .
ey [sech( 5 )+csch< 5 )] (2.60)

It is interesting to compare the results of the Melnikov analysis of a
pendulum subject to an external force (Eq. (2.25)) with that of a pendulum
with a moving suspension point (Eq. (2.60)). In the latter case, chaos
occurs at smaller amplitude A [86].

2.4 Parametrically driven pendulum

An external excitation acting on a driven pendulum may be introduced in
three different ways. In addition to an external and a parametric periodic
force, considered in previous chapters, one can consider chaotic solutions of
a parametrically driven pendulum described by the following equation
d? d
Wf + a1 + Asin(Qt)] d—f +sing =0 (2.61)
In contrast to Eq. (2.1) that describes a pendulum subject to an external
force, Eq. (2.61) admits a stationary solution ¢ = d¢/dt = 0. However, this
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solution is not necessarily stable for arbitrary values of the parameters A
and Q. To test for stability, one considers a small derivation from the origin
described by small ¢ and d¢/dt, providing the damping parameter « equal
to (18.63)_1 [87]-[89]. Then, sin¢ ~ ¢, and the last two terms in Eq.
(2.61) are small. Following the Lindsted-Poincare perturbation procedure,
one introduces € = a2 and Ot = 7, which converts Eq. (2.61) into
2
92% + e[l + Asin(r)] % +¢=0 (2.62)

Expansion in the small parameter

Q= Q() —|—€Ql + EQQQ + ...
¢ =do+epr+eha+ ... (2.63)

yields a set of equations for ¢¢ and ¢, that are related to each other. The
solutions of these equations to order 2 define the stability boundary for
Eq. (2.61) [87],

2 1/2 2
Q_2+a(A—1> —a2<A 1>,Q>2

1 6 1

A2 1/2 A2 1
Q=2-a(Z 1) —2(Z 42 64
a(4 ) a(16+4>,9<2 (2.64)

and A =2 for Q = 2.

Another way to find the boundary of stability for Eq. (2.62) is to use
the Floquet theorem which defines the existence of a periodic solution for
¢ [89]. Assuming the solution of Eq. (2.62) in the form

¢ = g+ Z (A, cosnt + By, sinnt) (2.65)

n=1

and inserting (2.65) into (2.62) and balancing harmonics, one obtains recur-
rence relations linking A,,, B,, and A, 12, B,+2. Truncating these equations
at successive n gives an increasingly accurate form of the stability bound-
ary. In this way, one obtains [89] for Q = 0.75, A, = 21.48, A3 = 17.0826,
As =17.1818, A7 = 17.1805.

Both the Lindsted-Poincare and the Floquet methods give very simi-
lar results for the stability boundary (Fig. 2.20). The regions of chaotic
solutions obtained by the numerical solutions of Eq. (2.61) are shown in
this figure [88]. The domain Sk located beyond the right-hand boundary
of the large V —shaped domain describes the solutions ¢ = d¢/dt = 0 for
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Fig. 2.20 Phase diagram for parametrically driven pendulum for a = 0.055. Regions:
P1) trajectories with period 1, P) multiperiodic trajectories, C) chaotic trajectories.
Reprinted with permission from [88]. Copyright (1989) by the American Physical Society.

all initial conditions. The domain Sy, to the left of the V-shaped domain is
related to different periodic and rotating solutions. The domains S and
S, are separated by a wedge-shaped domain subdivided into three distinct
parts Py, P and C. The first two contain oscillating and rotating solutions,
respectively. Chaotic solutions are contained within domain C' which is
permeated by non-chaotic solutions as well.

Multiplying the sum in (2.65) by the factor exp (ut) gives the chaotic
transient time p~! as the function of the proximity to the stability boundary
[89]. The Floquet multiplier 1~ has been taken [89] as a measure of the
mean transient lifetime 7', which is scaled as T ~| A — A¢ |7, where A¢
defines the chaotic boundary. The numerical solution of Eq. (2.61) with
o= (1.50)_1 and Ac = 17.2 leads to similar results [90].
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2.5 Periodic and constant forces

The addition of a constant torque a to Eq. (2.1),

2
% + a% +sin¢g = a + Asin(Q) (2.66)

is particularly important for the analysis of Josephson junctions with ap-
plied dc and rf currents. The road to chaos was found [91] to be different
for the regions with increasing values of (d¢/dt) (“running” solutions) and
for those with constant values of {d¢/dt) (“locked” solutions). In the for-
mer case, the transition to chaos goes through the intermittency scenario,
whereas in the latter case, the system exhibits period-doubling bifurcations.

The voltage-current graph ({d¢/dt) versus a) of a Josephson junction
has been analyzed [40] for different values of the damping constant a. For
A =0 and a >> 1, the angular velocity (d¢/dt) is very large, and one can
neglect the nonlinear sinusoidal term in (2.66). For this case, the pendulum
reaches the asymptotic value (d¢/dt) = a/a in a time of order a~!. For
a < 1, the voltage-current graph exhibits hysteresis which allows a simple
physical explanation [40]. Indeed, when the bias a increases from zero to
unity due to the inertial term, the pendulum starts to rotate, approaching
the limiting value (d¢/dt) = a/a. On the other hand, upon decreasing a,
the inertia causes the pendulum to continue rotating even for a < 1, until
reaching the critical value a.,, where the angular velocity vanishes, and the
pendulum relaxes toward the equilibrium position. For o — 0, a., =~ v/2a.
No fundamental difference occurs when A # 0, i.e., when both constant
and periodic torques are present.

A comprehensive analysis has been performed [92] of Eq. (2.66), written
in a slightly different form
d*¢  d¢

+ — +sin¢g = a + Asin(Qt) (2.67)

bae T a

Equation (2.67) has been investigated numerically for = 0.01 over a
wide range of the three other parameters, 1 < § < 20.000; 0 < a < 1;
0.1 < A < 200. The onset of chaos was detected by studying the Poincare
sections, Lyapunov exponents and power spectra. Chaos does not occur [92]
when any of the following three criteria is not satisfied, namely, § << 1,
Q >> B2 or A << 1. The physical explanation of the first criterion is
that there is no chaos for 8 = 0, and it appears only for £ not too small. The
second criterion originates from the requirement that the driving frequency
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must be close to the resonant frequencies of the pendulum, and the third
criterion matches the requirements for a system to be nonlinear “enough.”

2.5.1 Melnikov method

We use the Melnikov method of analysis for Eq. (2.66), which allows one
to predict the regions in the parameter plane where chaos occurs. One
rewrites Eq. (2.66) as two first-order differential equations,

dp _ dy . ,

=Y i sing + ¢ [a — ay + Asin ()] (2.68)
which, for e = 1, reduce to Eq. (2.66), and for ¢ = 0, represent the
unperturbed system,

d¢ dy .
@, W 2.
p Y; o sin ¢, (2.69)
which has the heteroclinic orbit
¢n (t) = £2arctan (sinht) ; yn (t) = t2secht (2.70)

Inserting (2.70) into the Melnikov integral

M (to) = /:)O yn (t —to) [a + Asin (Qt) — ayy (t — to)] dt, (2.71)
yields [66],
M (ty) = £2ma — 8 £ 2w Asech (7§2/2) sin (Qtp) (2.72)

Equation (2.72) gives the Melnikov criterion for the onset of chaos,
4o
A > |+a+ — |cosh (7£2/2)] (2.73)
™

Numerical estimates of the Melnikov criterion [93] are shown in Fig. 2.21,
where the “Melnikov ratio” A/« is plotted as a function of 2, and the points
give the lower boundary for the onset of chaos.

Comparing this result with the numerical solutions of Eq. (2.66) shows
[93] the following:

1. The threshold for chaos increases rapidly for © < 0.1 and > 1.2.
These results agree with those obtained in [92] and [94], respectively.

2. The minimal value of the threshold is located near €2 =~ 0.6, which
agrees with the result obtained for a = 0 [43].
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Fig. 2.21 Numerical estimates of the Melnikov ratio A/a for a pendulum subject to a
constant force a = 0.2 and a periodic force of amplitude A (see text for explanation).
Reprinted from [93], Copyright (1987), with permission from Elsevier.

3. The values of the parameters that define the onset of chaos obtained
by numerical calculations are in close agreement with those obtained from
the Melnikov analysis. Indeed, for a = 1/\/E7 Q = 0.01v/10 and a = 0.1,
the numerical calculation gives [92] A,, = 5, whereas the Melnikov criterion
gives Ao = 5.12. For a = 1/4/15, Q = 0.019, a = 0.1, the results of
numerical calculation [94] is A.. = 1.1, whereas the criterion (2.73) gives
A, =1.8.

The Melnikov method has been applied to the study of the dynamic
behavior of pendulum with quadratic damping,

d*¢ d¢

2

For A =0, Eq. (2.74) has an exact steady-state solution,

<d¢> ? _ av/T+40” + 2acos[¢ + arctan (20)] (2.75)

dt ay/(1+ 4a?)

which gives ¢ (t) expressed in elliptic functions [66]. Since this solution has
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been obtained for A = 0, one can apply the Melnikov method to Eq. (2.74),
rewritten as

Z—f =y; % = —sing +a — ay® + cAsin (Qt) (2.76)

For € = 0, the unperturbed equations is

dp dy . 2
o =Y i sing + a — ay (2.77)

and their heteroclinic orbits are

on () = {4 arctan [eXp (b;)] — arctan (2a) — 71'} i yn (t) = bsech (?)

(2.78)
where b = 4o (1 + 4a2)71/2 (d¢/dt), . Analogously to Eqs. (2.70)—(2.73),
one obtains the Melnikov function and the Melnikov criterion for the onset
of chaos,

[a — 2a(1 + 4a2)~1/?] sinh (27a)

aby/FZ + F2

where Fy and Fy are integrals [95].

Note that the criterion (2.73), obtained from Eq. (2.66), was based
on the unperturbed Eqgs. (2.69), whereas for the quadratic damping Eq.
(2.74), we used the unperturbed Eq. (2.77). In the latter case, one could
also use Eq. (2.69) as the appropriate unperturbed equation by considering

A>

(2.79)

the a — ay? terms as being of order £ [95]. The only difference will be
the forms of the homoclinic orbits for the unperturbed Egs. (2.69) and
(2.77). Both Melnikov criteria (2.72) and (2.79) will describe the onset of
chaos for the quadratically damped pendulum. Thus, one can compare the
results of the Melnikov analysis for different perturbation methods. It is
evident that for small damping « and a small constant term a, there is no
significant difference between these two criteria. However, for intermediate
damping and a large constant force, the results are quite different. Due
to the different division of the equation into the unperturbed part and the
perturbation, for comparatively large «, the criterion (2.79) is close to the
results of the numerical calculations, whereas the criterion (2.73) is useless
[95].
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2.6 Parametric and constant forces

In Section 2.4, we considered a pendulum subject to a parametric periodic
force, which means that the potential function, V' = (1 + Asin(2t)) cos ¢,
is symmetric with respect to replacing ¢ by —¢. Such an idealization is
permissible in theoretical calculations. However, in experimental arrange-
ments, the assumption of symmetry is only approximate, and in many cases,
the bias term, such as the dc current in a Josephson junction, or a constant
wind load in cargo loading [96], has to be added to the dynamic equation.
This leads to the following equation of motion
¢ do

Tz + a—y + (14 Asin(Qt))sing = a (2.80)

The effect of the bias term a on the behavior of an unexcited pendulum
(A = o =0) has been considered in Section 1.4. A similar influence occurs
in the more general case (2.80) which manifests itself in the decrease of the
onset of rotating motions and in the change of the number and the types of
attractors. Moreover, the stability of the parametrically excited pendulum
disappears if the bias term exceeds a critical value.

In the series of articles, S.-Y. Kim and collaborators [97] analyzed the
pendulum equation of the form

d*z dx 9 .
§el + 27ra$ + 27 [wg + Acos (2nt)] sin (2mz) = 0 (2.81)
Upon changing the variables (x by ¢/2m and ¢ by t/27), Eq. (2.81) becomes
d? d
ﬁf + ad—f + [w§ + Acos (t)] sing =0 (2.82)

Equation (2.82) has three control parameters: the amplitude A of an exter-
nal field, the damping coefficient «, and the frequency wy of the linearized
pendulum. The solutions of Eq. (2.82) were analyzed [97] for different A
and wy at o = 0.1. For the force-free pendulum (A = 0), the normal fixed
point ¢ = 0, d¢/dt = 0 is stable, whereas the inverted fixed point ¢ = ,
d¢/dt = 0 is unstable. An increase of A is accompanied by the restabi-
lization of the fixed points and the transition to chaos, depending on the
value of the parameter wg. We present here the results of the numerical
solution of Eq. (2.82), which agree with experiment for a parametrically
forced magnetic pendulum [97]. As A increases, the normal fixed point
becomes unstable. Depending on the value of wq, the loss of stability of
the normal fixed point occurs either by a period-doubling bifurcation or by
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a symmetry-breaking pitchfork bifurcation. A new stable trajectory with
period two appears at a critical value 4; (A; = 0.1002 for wy = 0.5) via
period-doubling bifurcation. As A increases, the symmetric period-2 trajec-
tory becomes unstable and transfers to the asymmetric period-2 trajectory,
accompanied by an infinite series of period-doubling bifurcations, ending
at the accumulation point A,.. = 0.3578. After the period-doubling tran-
sition to chaos, a further increase of A restores the regular trajectories. In
contrast to the normal fixed point, the inverted fixed point first increases
its stability up to A < As, but then destabilizes for A > As, being stable in
the region As < A < As. Such order-chaos-order sequences alternate with
a further increase of A.

We illustrate the behavior of the solution of Eq. (2.80) by two approxi-
mate analytical methods, the harmonic balance method [98] and Melnikov
analysis [99], as well as by the numerical solution [98].

2.6.1 Harmonic balance method

For a = 0, the symmetric system has a zone around €2 = 2 for which initial
conditions close to ¢y—g = (d¢/dt),_, = 0 lead to oscillating solutions.
Outside this “safe zone,” one obtains rotating solutions. It is interesting to
find the boundaries of the safe zone for the symmetry-breaking Eq. (2.80).
In the presence of the nonsymmetric a-term, Eq. (2.80) does not have
¢1—o0 = (do/dt),_, = 0 as an equilibrium solution, which leads to a decrease
of the safe zone. This is clear for the nonsymmetric “washboard” form
of the potential function V' = (1 + Asin(t)) cosz — ax, which decreases
the barrier of the transition from oscillating to rotating motion. One can
obtain an approximate solution from the harmonic balance method [98;
101]. Assume that the approximate solution of Eq (2.80) has the following
form,

¢ (t) = ¢o + ccos 2 (U +6)] +1 (2.83)

where ¢ is the phase angle and 7 is a small amplitude such that only terms
of order 7 are taken into account in the calculations. Inserting (2.83) into
(2.80) and equating the coefficients of the cosine, the sine and the constant,
one obtains three equations. The solutions of these equations are non-
divergent if [98]

1/2

¢o=(-3a)"""; = (2.84)

8 —4(9a%)"*
2+ Acosd




Deterministic Chaos 71

and the following approximate expression for the amplitude A.., which
defines the boundary of safe zone,

L9 @] (@)
) 4 2 3 2

AL = >, > 2 (2.85)
(0 _% % )
4 2 12 2
where ¢y = ¢ (6 = 0) . For a = 0, this result reduces to that obtained for the
symmetric parametrically driven pendulum [102]. It is evident that along
the boundary of the safe zone, the presence of the constant force in Eq.

(2.80) leads to a shift of the onset of period-doubling trajectories and of
deterministic chaos.

2.6.2 Heteroclinic and homoclinic trajectories

As shown in Section 1.4, the addition of an excitation a-term to Eq. (2.1)
transforms the heteroclinic orbit, linking two saddle points, into a homo-
clinic orbit going from a saddle point xy to a turning point x;. Moreover,
the presence of Acos () poses difficulties for computing the Melnikov
function. To overcome this problem, one changes the time variable ¢ into a
function of the state variable z on the homoclinic orbit [103]. This results
in the following Melnikov function

M (to) = —aps + Aposin (o) (2.86)
where
1 = :1:2/d:z:\/2 (H + cosz — ax);
i (2.87)
1 /do\>
H= 3 (dt) —cos ¢ — ad
and

o
o = :t?/dxsinxsin

T

Q / dy (2.88)
s V2 (H + cosy — ay)

Calculating the integrals in (2.87) and (2.88), and inserting pq and pe
into the Melnikov function (2.86), one obtains [99] the homoclinic bifur-
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Fig. 2.22 Homoclinic bifurcation curves for a pendulum subject to constant and para-
metric periodic forces for different values of the constant force. Reprinted from [99],
Copyright (2008), with permission from Elsevier.

cation curve shown in Fig. 2.22 for different values of a in the parametric
plane (A, Q). One sees from this figure that as a increases, the region which
leads to chaos is enlarged, i.e., chaotic motion covers a larger portion of the
parametric plane as the bias a-term increases.

2.6.3 Numerical calculations

The numerical solution of Eq. (2.80) has been obtained [98] for = 2.1 and
« = 0.1. The results are shown in Fig. 2.23, where we display the amplitude
of an external force A needed for the transition from oscillating to rotating
trajectories, as a function of the bias force a. The shaded area represents the
region of oscillating trajectories (“safe zone”). The points labeled I, IT and
IIT give, respectively, the first period-doubling, the period-doubling that
initiates the sequence of the period-doubling cascade, and the supercritical
period-doubling just before transition to rotating trajectories. The points
Sa and Sp label the coexistence of the stable-unstable pair of subharmonic
orbits for a = 0.0162 and a = 0.02.
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Fig. 2.23 Critical value of the amplitude of a parametric periodic force which defines
the transition from oscillating to rotating trajectories, as a function of a constant bias
force for a pendulum with © = 2.1 and o = 0.1 (see text for explanation). Reprinted
from [98], Copyright (2006), with permission from Elsevier.

2.7 External and parametric periodic forces

As shown in Sections 2.1 and 2.3, chaotic trajectories can be obtained by
adding a periodic force to the pendulum equation of motion, either addi-
tive (external force) or multiplicative (vertical oscillations of the suspension
point). Such trajectories occur for specific regions of the control parame-
ters. For some practical applications, however, one needs to control or even
depress chaos by an additional external factor. The constant force may play
the role of such a factor, both for an additive and for a multiplicative pe-
riodic force. These two cases have been considered in Sections 2.1 and 2.3.
The case of two external periodic forces was the subject of Section 2.1.2.
Still another possibility of an external influence on chaos is given by both
additive and multiplicative periodic forces. Therefore, we shall analyze a
pendulum subject to both an external force and to horizontal oscillations
of the suspension point. The equation of motion is

2o db . .
Tl + ay + A cos (1) cos ¢ + sin ¢ = Ag sin(st) (2.89)
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which leads to the following the Melnikov function [86]
2 7TQl
M (tg) = —8a — 2w A1 Q7sech —5 ) cos (Q1t0)
2 71'92
+271 AxQ5sech —5 ) cos (Qato) (2.90)

Analysis of this equation shows [86] that the Melnikov function decreases
smoothly with frequency 5 for a fixed horizontal frequency €. An inter-
esting situation occurs when both forcing terms have the same amplitude
(A; = A) and the same frequency (1 = 3). Then, the Melnikov function
does not depend on ty, which means that the chaotic behavior usually in-
troduced by the horizontal force is suppressed by the external forcing term.
This is indeed a way of controlling chaos by inducing a second periodic
force [49], as we have seen in Section 2.1.2.

Such cancellation does not exist for the case of joint action of an external
force and the vertical oscillations of the suspension point. In this case, the
equation of motion is

¢ do

o tagt [1+ A cos (1)) sin ¢ = Ag sin(Qat) (2.91)

which leads to the following Melnikov function
2 FQl .
M (to) = —8a — 2mA;Q7csch —5 ) sin (Q1to)

Q
+ 27w Agsech (7T22) cos (aty) , (2.92)

with non-vanishing time-dependence terms.
Slightly more complicated is the equation of motion containing the
spring constant [,

d%¢ do . .

W + O(a + ﬁd) + [1 + Al COS (Qlt)} S (b = A2 SlIl(QQi’) (293)
which has been analyzed [100]. The chaotic behavior induced by the para-
metric excitation for amplitude A and frequency €2 can be reduced to pe-
riodic motion by adjusting the control parameters «, 5, and ). Extensive
numerical studies of Eq. (2.93) have shown that varying 8 in the range
0.01 < 8 < 1 for fixed values of parameters « = 0.2, A = Ay =4, Oy =4
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and Q5 = 2, leads to the onset of chaos at 8 = 0.538 and 3 = 0.507 as 3 de-
creases. The reverse transition from chaotic behavior to periodic behavior
occurs as 3 increases.
The more general case, with three harmonic forces are acting on the
pendulum, is described by the following equation
o dp . .
el + a— + wid + Aq cos (Qt) cos ¢ + Az cos (2at) sin ¢ = As sin(Q3t)
(2.94)
For simplicity, we restrict ourselves to the case where A1 = Ay = A3 = A
and Q) = Qy = Q3 = Q [86]. The Melnikov function M (ty) is

02 Q
M(tg) = —8awg + 27 A [(1 - 2) sech (;) cos(Qto)

) wo
0? Q0
+ wf(%CSCh (;;}()) Sll’l(Qto):| (295)
The time t( max Which maximizes the Melnikov function (2.95) is
02 7§}
tan t07max = m coth <2UJO> (296)

and the Melnikov function at this time is

21 A
M (tO,max) - _860006 + % |:Q4CSCh2 (WQ/QWO)
0

+ (wg — 02)2 sech? (mQ/2wp) } v (2.97)

The zero of M (tomax) defines the parameters close to the onset of chaos.
The Melnikov criterion for the onset of chaos is,

A dow}

73 (2.98)
™ | Q4esch? (/2w + (w2 — 02)° sech? (WQ/Qwo)}

Equation (2.98) shows that for wy = 1.5, the Melnikov ratio A/« in-
creases with external frequency €2, and exhibits a local maximum for
close to wp. This implies that in the resonance region, one has to increase
the strength of the perturbation in order to produce chaotic behavior.
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Chapter 3

Pendulum subject to a Random Force

3.1 Noise

3.1.1 White noise and colored noise

We will consider noise & (t) having (£ (t)) = 0 and the correlator

(€ (t) & (t2)) = r([tr —t2]) =7 (2). (3.1)

Two integrals of (3.1) characterize fluctuations: the strength of the noise
D,

D=3 | €mewr (32)
and the correlation time T,
1 o0
T=5 /0 2{(E@)E(t+ 2)) d=. (3.3)

Traditionally, one considers two different forms of noise, white noise and
colored noise. For white noise, the function r (|t; — t2]) is a delta-function,

(€(t1) & (t2)) =2D5 (t —t1). (3.4)

The name “white” noise derives from the fact that the Fourier transform
of (3.4) is “white”, that is, constant without any characteristic frequency.
Equation (3.4) implies that noise £ (¢;) and noise & (t2) are statistically
independent, no matter how near ¢; is to to. This extreme assumption,
which leads to the non-physical infinite value of <§2 (t)> given by (3.4), does
not imply that the correlation time 7 is zero, as was assumed in (3.4), but
rather that it is smaller than all other characteristic times in the problem.

7
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We will return to this subject in Section 3.1.3, when examining the Fokker-
Planck equation for multiplicative noise.

All sources of non-white noise are called colored noise. A widely used
form of noise is the Ornstein-Uhlenbeck exponentially correlated noise,

(€@ €(t)) = o exp [-A]t = t1]], (3.5)

or, equivalently,

€@ E(t) = 2 exp (— It “') . (3.6)
T T
White noise (3.4) is characterized by its strength D, whereas Ornstein-
Uhlenbeck noise is characterized by two parameters A and o2, or 7 and D.
The transition from Ornstein-Uhlenbeck noise to white noise (3.4) occurs
in the limit 7 — 0 in (3.6), or when 02 — oo and A — oo in (3.5) such that
o%/\=2D.
A slightly generalized form of Ornstein-Uhlenbeck noise is narrow-band
colored noise with a correlator of the form,

(€ (1) € (tr)) = o exp(=At — ta]) cos ([t — ta]) . 3.7)

There are different forms of colored noise, one of which will be described in
the next section.

3.1.2 Dichotomous noise

A special type of colored noise is symmetric dichotomous noise (random
telegraph signal) for which the random variable & (¢) may equal +o with
mean waiting time (A/2)”" in each of these two states. Like Ornstein-
Uhlenbeck noise, dichotomous noise is characterized by the correlators (3.5)
and (3.6).

We will use the Shapiro-Loginov procedure [104] for dealing with higher-
order correlations. For exponentially correlated noise, this yields

Glea= {2 -rea, (38)

where g is some function of the noise, g = g{¢}. If dg/dt = B¢, then Eq.
(3.8) becomes

i) = B - Me-a). 9)
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and for white noise (62 — oo and A — oo, with £€2/\ = 2D),

(§-9)=2BD. (3.10)

3.1.3 Langevin and Fokker-Planck equations

Noise was introduced into differential equations by Einstein, Smoluchowski
and Langevin when they considered the molecular-kinetic theory of Brow-
nian motion. They assumed that the total force acting on the Brownian
particle can be decomposed into a systematic force (viscous friction pro-
portional to velocity, f = —vv) and a fluctuating force & (t) exerted on
the Brownian particle by the molecules of the surrounding medium. The
fluctuating force derives from the molecular collisions on a Brownian par-
ticle from all sides resulting in random motion. The motion of a Brownian
particle of mass m is described by the so-called Langevin equation

md—v = —yv+£&(t) (3.11)
dt
The stochastic equation (3.11) describes the motion of an individual
Brownian particle. The random force £ (¢) in this equation causes the so-
lution v (t) to be random as well. One can consider an ensemble of Brow-
nian particles and ask how many particles in this ensemble have velocities
in the interval (v,v + dv) at time ¢, which defines the probability func-
tion P (v,t) dv. The deterministic equation for P (v,t) is called the Fokker-
Planck equation, which has the following form for white noise [105],
OP (v,t) 0 o0?pP

= — (ywP)+ DW'

o~ 9 (3.12)

In the general case, in which the equation of motion dx/dt = f (z) has
a nonlinear function f (z), the Langevin equation is

W p ) e (3.13)

dt
with the appropriate Fokker-Planck equation being

OP (z,t) O 02p

= /@ P+ Do

2 5 (3.14)

Thus far, we have considered additive noise which describes an inter-
nal noise, say, thermal noise. However, there are also fluctuations of the
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surrounding medium (external fluctuations) which enter the equations as
multiplicative noise,

dx

o = f@+g@e). (3.15)

The appropriate Fokker-Planck equation then has the form [105]

9P (z,1) 9 9 )

5~ gg W @ P+ Dgog(@) 5-g

We shall not discuss the Ito-Stratonovich dilemma, [105] connected with Eq.
(3.16).

The preceding discussion was restricted to first-order stochastic differ-
ential equations. Higher-order differential equations can always be written
as a system of first-order equations, and the appropriate Fokker-Planck
equation for such a system has the following form

6P (z,t) 0?
Z oz, fz ; m [9ij () P] (3.17)

g(x)P. (3.16)

for any functions f; () and g;; (z) . The linearized form of (3.17) is

aP (z,t) 1 0*P
mea (z; )+§;gijm (3.18)

where f;; and g;; are constant matrices.

For colored noise, there is no rigorous way to find the Fokker-Planck
equation that corresponds to the Langevin equations (3.13) and (3.15).
Therefore, one has to use various approximations [19].

One can illustrate [106] the importance of noise in deterministic differen-
tial equations by the simple example of the Mathieu equation supplemented
by white noise & (t)

d*¢
de?

The solutions of Eq. (3.19) in the absence of noise are very sensitive to
the parameters « and 3, which determine regimes in which the solutions can
be periodic, damped or divergent. To obtain the Fokker-Planck equation

corresponding to the Langevin equation (3.19), we decompose this second-
order differential equation into the two first-order equations

o _ . 4
a7 dt

+ (o — 28 cos2t) p = £ (¢) (3.19)

= —(a—2Bcos2t) ¢+ £ (1) (3.20)
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The Fokker-Planck equation (3.17) for the distribution function P (¢, ()
then takes the form

oP 0?P oP

—=D— -Q— -2 2t

ot ~ Poqz ~ gy Tla2Beos2) o5
with initial conditions P (¢, £2,0) = 0 (¢ — ¢o) 6 (2 — Q) . Equation (3.21)
can easily be solved by Fourier analysis to obtain the following equation for
the variance 0% = (¢?) — (8)?,

(3.21)

3 2 2
a d(; ) ¢ 40— 25c0s20) © (ch ) | (88sin2t) 0 = 8D (3.22)

The solution of Eq. (3.22) has the same qualitative features as the solu-
tion of Eq. (3.19). However, for sufficiently large values of 8, the variance
does not exhibit the expected linear diffusion dependence but increases ex-
ponentially with time.

For this simple case of a linear differential equation, one can obtain
an exact solution. However, the equation of motion of the pendulum is
nonlinear. We will see from the approximate calculations and numerical
solutions that the existence of noise modifies the equilibrium and dynamic
properties of the pendulum in fundamental way.

3.2 External random force

There are various simplified forms of the pendulum equation with a random
force. We begin with the following equation,
¢ | do

Tl —|—o¢a +sing =£(t) (3.23)

which describes a damped Brownian particle moving in a periodic potential.
According to the fluctuation-dissipation theorem for a stationary state, a
gain of energy entering the system is exactly compensated by the energy
loss to the reservoir, which gives

(€ () £(0)) = 2akpTd (1) (3.24)

where kp is the Boltzmann constant. The velocity-velocity autocorrelation
function gives the frequency-dependent mobility p (w,T),

w(w,T)= H;T dt <Ccl;tb (t) (jl(f( )> exp (iwt) (3.25)
0



82 The Chaotic Pendulum

Like other pendulum equations, Eq. (3.23) usually allows only a nu-
merical solution [19]. However, for special cases, can one obtain analytical
results for 1 (0, 7). For the non-damped case (o = 0) [107],

—172 Lo (v) + 11 (v)

1 (0,T) =m (2nkT) )

exp (—v) (3.26)
Here v = AE/kpT, where AF is the barrier height, and I,, (v) is the Bessel
function of nth order. In the limit of large damping [108], neglecting the
second derivative in (3.23) yields

1

YO

(3.27)

The method of continued fractions [19] can be used to obtain an approxi-
mate expression for the mobility

1

= 3.28
() —iw + a — I (v) /iwly(v) (3:28)
which is in good agreement with the numerical calculations [109].
3.3 Constant and random forces
For this case, the equation of motion has the following form,
d? d
%—!—ad—f:a—sinqﬁ—l—f(t) (3.29)

where £ (t) is the white noise. This equation cannot be solved analytically,
but one may present a qualitative analysis. Equation (3.29) corresponds to
motion in the washboard potential, shown in Fig. 3.1,

U(¢p)=—ap— (1 —cosg). (3.30)

Neglecting the second derivative and the random force £ (¢) in Eq.
(3.29), one obtains two types of solutions: locked-in for a < 1, and running
for @ > 1. A similar situation occurs [110] for the full equation (3.29).
The system switches randomly between a locked state with zero average
velocity, (d¢/dt) = 0, and a running state with (d¢/dt) # 0. For a < 1, the
transition from the locked state to the running state occurs when the value
of a approaches unity, whereas for a > 1 the opposite transition takes place
when the value of a decreases to 4a/m. For large values of «a, say, a > 7/4,



Pendulum subject to a Random Force 83

U)
’ AN
S \
8.0 ' \
l' .
’ A
!
S \\ ,'
I’ \ 4
’ D ’
! \ /
’
,/ % 'I
; “ ,I
’ x ’
’ \ 1]
1 1
-2.0 B \\ !
’ ) [
' \ [
r 1 ’
A}
’ \ ’
r \ 7
' \ )
' \ ’
/ \ ’
’ \ J
‘l S _
'
U
!
[ 4
,I
—-12.0 L+
-6.0 -1.0 40 @

Fig. 3.1 Washboard potential U (¢) = ag¢ — bg cos ¢.

one may neglect the second derivative in Eq. (3.29). In this overdamped
case the two boundary values coincide, leading to the criterion a 2 1.

For weak noise, the stationary dynamics of ¢ (¢) is controlled by the
critical value of a.. = (2 + \/5) a. For a < ac., the system is trapped in
small oscillations near the downward position, whereas for a > a., the
pendulum performs rotations.

The results are different for large and small damping constant o [19]. For
large «, one can neglect the inertial term d?¢/dt?. (This overdamped pen-
dulum will be considered in Section 3.8). Because of the noise, pendulum
will not stay in one locked-in position, but will sometimes be transformed
to the other locked-in state. For a small damping constant, inertial effects
are important and the pendulum will not be trapped in a locked-in posi-
tion, but may be transferred to and remain for some time in the running
position. The existence of noise will lead to transitions between locked-in
and running states.

For the running states, the average angular velocity (d¢/dt) and the
time evolution of the mean square displacement of the rotation angle <¢2>

are the characteristics of pendulum motion.
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An unexpected phenomenon was found [111] for intermediate values
of the parameter a. This is precisely the region that is very important
for experimentalists, but is rarely discussed by theorists who usually study
(analytically) the asymptotic time regime and (numerically) the initial time
regime. In addition to the characteristic value a., which defines the bound-
ary between locked and running trajectories, there is another characteristic
value of parameter a, well below a.,., where the system alternates between
the locked and running trajectories. The new regime lies [111] in the inter-
mediate region between these two characteristic values of a, in which the
system moves coherently with constant velocity (in spite of the noise!).

The addition of a constant term a to the right hand side of Eq. (3.34)
leads to a loss of periodicity. As a increases, the system alternatively be-
comes chaotic and periodic. One of the two intermittent regions described
in the previous section is destroyed by a small bias a (@ = 0.0005 for
Q2 =0.47311, a = 0.2, and A = 1.2), and the motion becomes nearly bal-
listic. By contrast, for the case without bias, two symmetric intermittent
regions lead to normal diffusion [112]. These counterintuitive results have
been obtained for the general case described by Eq. (3.42).

The Fokker-Planck equation for the density distribution function
P (¢,t), corresponding to the Langevin equation (3.23), has the following
form,

orP 0 ( sin ¢ opP ) oJ

-\ a %)= "5 (331

In the stationary state, 9J/0¢ = 0 and the flux J is constant. Because of
periodicity, the boundary condition is P (0) = P (L). Using this condition
and normalization, one can integrate Eq. (3.31) to obtain [113]

< o > D[l — exp(—aL/aD)]

=)= (3.32)
/exp (—ad/aD) I [D71 sin (r¢/L)] do
0

where I (¢) is the modified Bessel function. For weak noise D << 1, the
inverse Bessel function takes the Arrhenius form

I' (DY) ~ \/?exp (=D, (3.33)

as required.
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3.4 External periodic and random forces

3.4.1 Two sources of noise

The dynamic equation for a driven pendulum with noise is

d? d
W(f 4 ad—f +sin¢ = Acos(Qt) + & (z) (3.34)

This equation shows that there are two sources of noise: one source
follows from deterministic chaos which exists for certain sets of parameters
of a nonlinear problem, and a second source that follows from the ever
present fluctuations, such as thermal fluctuations. The latter is generally
ignored in numerical calculations (if no additional random force is added to
the dynamic equations), but is always present in experiments. The inter-
play between these two sources of experimentally observable noise is very
complicated, and it is hard to distinguish between them [114]. Neverthe-
less, in some cases (three-photon parametric amplifier), it was shown [115]
that the noise seen in experiments cannot arise from deterministic chaos.
The existence of two types of noise presents a problem for comparing the
numerical calculations with experiment. Small amounts of thermal noise
can drastically change the solution of the dynamic equations, and there-
fore, must be taken into account in the explanation of experiments. In the
absence of thermal noise, numerical calculations shows many complicated
structures, such as bifurcations, periodic and random solutions, etc , which
are typically washed out by thermal noise.

Another form of Eq. (2.1) consists of including a quenched disorder
substrate by adding the random force 3¢ (x),

2

% + Oé% +sing = Acos (Qt) + BE (¢) (3.35)
where & (¢) € [—1,1] was chosen [116] as an independent, uniformly dis-
tributed random variable with no spatial correlations, corresponding to a
piecewise constant force on the interval [2nm, (2n + 1) «], and S is the mag-
nitude of the quenched disorder. The numerical solution of Eq. (3.35) for
a =02 A=1.2and Q = 0.3 shows [116] that the diffusion remains nor-
mal, and the diffusion coefficient (¢? (t)) /2t increases with 8 for g < 0.1.
At higher levels of disorder, 8 > 1, the diffusion coefficient approaches
zero. The latter phenomenon stems from the suppression of chaotic diffu-
sion for a large amount of disorder, which causes almost all trajectories to
be localized.
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3.4.2 Fokker-Planck equation

A comprehensive analysis has been performed [117] of the joint action of
both factors capable of producing chaotic behavior (deterministic chaos
and a random force). In order to transform the Langevin equation (3.34)
into the appropriate Fokker-Planck equation, one introduces the following
change of variables

9.
dt’

d
x3 = Acos(Q); x4= &rs (3.36)

T =¢; X2 = at

Equation (3.34) then takes the form

d d

% = x; % = —axy —sin(r1) + 23 + £ (t); (3.37)
dxg - . d$4 . 2

@ o g e

The Fokker-Planck equation for the distribution function P(x1, 2,3, 24)
(with the initial conditions x1 g and 3 ) is

oP 0 0 .
F i (xoP) — 92s [(—azg —sinzy + x3) P) (3.38)
0 3} 5 1_0%P
" P) = g (Sl 4 5D

Equation (3.38) has been solved numerically [117] for a = 1.0, Q = 0.25
and D = 0.5 for two sets of initial conditions: x1 9 = z20 =0 and z;0 =0,
29,0 = 0.1. For these values, the steady-state distribution function P shows
chaotic behavior. Note that for these parameters, Eq. (3.34) without noise
also shows chaotic behavior [118]. As we will see in Section 3.5, in contrast
to additive noise, multiplicative noise is able to convert chaotic trajectories
into non-chaotic trajectories.

3.4.3 Ratchets

The term “ratchet” denotes a periodic potential which is anisotropic.
Ratchets produce a net flux without a driving force (bias force or exter-
nal gradient). Detailed information above ratchets can be found in a recent
review article [119].

The equation of motion of a particle moving in a ratchet potential is
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given by

d? d dv
mﬁf 7(% =— di"x) + fsin (wt) + £ (t) (3.39)

where the anisotropic potential is shown in Fig. 3.2 [120],

V(z)=—sinx — i sin (2z) (3.40)

U(¢)I | 1 1 | |

1 L

0.5

L 1 1
6 -4 2 0 2 4 @

Fig. 3.2 Ratchet potential U (¢) = —singp— % sin (2¢). Reprinted with permission from
[120]. Copyright (1996) by the American Physical Society.

In the overdamped case (m = 0) and in the absence of noise ({ = 0),
the solutions of Eq. (3.39) are either locked or running. In the latter case,
the asymptotic value of the average velocity is

_x(t+rT)—x(t) q

Vgr = T =-w (3.41)

for integer r and ¢q. For overdamped motion, r, g > 0, the flux is directed
down the ratchet (positive current). The ratchet effect in a noiseless ratchet
(€ = 0 in (3.39)) is obtained only in the underdamped regime (m # 0 in
(3.39)). In the latter case, the locked trajectories correspond to ¢ = r =0,
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whereas the running trajectories, both deterministic and chaotic, can occur,
due to inertia, in either direction with ¢ = +1,42,... in Eq. (3.41). The
direction of the flux depends sensitively on the control parameters in Eq.
(3.39).

The ratchet effect means the transformation of the fluctuation environ-
ment into deterministic directional motion. In the case considered above,
deterministically induced chaos mimics the role of noise. This result is
supported by an analysis [121] of the values of the control parameters for
which current reversal occurs. The origin of current reversal is a bifurcation
from a chaotic to a periodic regime. The same analysis has recently been
extended [122] to the case in which an additional constant force is included
in Eq. (3.39).

3.4.4 Absolute negative mobility

In the case of external constant, periodic and random forces, the equation
of motion is

d? d
dtf +o¢d—f+smq§fa+Asm(Qt)+§( t) (3.42)

When an external static force is applied to a system, it produces a
current in the direction of the applied force. However, this trivial statement
is correct only for a state initially in equilibrium for which the response is
always in the same direction, such that the system after distortion tends to a
new equilibrium. For systems far from equilibrium, such as those described
by Eq. (3.42), an apparently paradoxical situation may occur [123; 124].
The system response may be directed in the direction opposite to that of a
small external force (absolute negative mobility (ANM)). This effect differs
from the ratchet effect which occurs for a non-symmetric potential whereas
ANM occurs for the symmetric potential sin ¢ in Eq. (3.42).

The running solutions of Eq. (3.42) contain both periodic and chaotic
motions. Adding fluctuations leads to random transitions between possi-
bly coexisting basins of attraction, similar to random transitions between
potential wells in equilibrium systems. Numerical calculations have been
performed for the asymptotic mean angular velocity

(o)) = = <tlggo : / b(r > (3.43)
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averaged over time and thermal fluctuations, where T" and L are the tem-
poral and spatial periods of the system. ANM means that v is directed
opposite to the bias force a.

For values of the parameter a lying in the interval (—ac, ), the ve-
locity is oriented in the opposite direction from that of the driving force a,
thereby displaying ANM. The value of a., depends on the other parameters
entering Eq. (2.24).

<%> T T T T T T T T
de [} . s

0.025

—0.025

—0.05 j 1 . 1 L L 1 L 1

Fig. 3.3 Average angular velocity as a function of bias torque for deterministic (dashed
line) and chaotic (solid line) dynamics.

The results of numerical simulations [123] are shown in Fig. 3.3. for
the following values of the parameters: a = 0.9, A = 4.2, Q = 4.9, without
noise (D = 0) and for noise of strength Dy = 0.001. Here, a., = +0.17. For
a fixed value of parameter a, ANM exists in some intermediate region for
the strength of noise Dy (temperature for the thermal noise) disappearing
for both small and large Dy. Interestingly, the occurrence of ANM requires
all the terms in Eq. (3.42). In the absence of any of these terms, ANM will
not occur [124].

3.5 Pendulum with multiplicative noise

If the rod of a pendulum performs random vibrations, one has to add an
external multiplicative noise £ (¢) to the equation of motion,
d?¢

Wi +E(®)]sing =0 (3.44)
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Equation (3.44) can be rewritten as two first-order stochastic differential

equations
do
s Q (3.45)
% =—[wg +&()]sing (3.46)

The analysis of Egs. (3.45) and (3.46) is quite different for white noise
and for colored noise [125]. The Fokker-Planck equation associated with
the Langevin equations (3.45) and (3.46) having white noise of strength D
is

2
%—f = _a% (QP) + a% [w§ sin (¢) P] + gsnﬂ qs% (3.47)

To justify using the averaging technique, one notes that according to
Eq. (3.45), the variable ¢ varies rapidly compared with Q. Therefore, in
the long-time limit, one can assume [126] that the angle ¢ is uniformly
distributed over (0,27). Hence, one can average Eq. (3.47) over ¢, which
gives a Gaussian distribution for the marginal distribution function P (2),

PL(Q) = \/% exp (—ﬁ) (3.48)

Accordingly one obtains for the energy E ~ 02, which gives, using (3.48),

Py (E) = \/E exp (-ii) (3.49)

From (3.49), it follows that

D
(E) = —t (3.50)

4
For colored noise, one cannot write the exact Fokker-Planck equation.
However, if one assumes that ¢ has a power-law dependence as a function

of time t, a self-consistent estimate gives [125],
(E) =/t (3.51)

These heuristic arguments have been confirmed [125] by more rigorous anal-
ysis and by numerical calculations.
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3.6 Parametric periodic and random forces

Here we consider the influence of noise on the motion of a pendulum sub-
ject to the multiplicative periodic force discussed in Section 2.4. One can
introduce noise into Eq. (2.18), both additively and multiplicatively. In
the former case, Eq. (2.18) takes the following form,
2
% + a% + [1+ Asin(Qt)]sin g = £ (¥) (3.52)
The random noise & () has been chosen [127] to be £ = &1 (t), where
& is the amplitude of the noise and 7 (t) is a number chosen randomly
at time ¢ from a Gaussian distribution with zero mean. It is convenient
to describe the influence of noise on the noise-free solution for parameters
a = 0.046, Q = 2.10, and A = 8.95 [128]. There are three coexisting stable
periodic attractors. One is a symmetric oscillation around the downward
position, and the other two are large amplitude asymmetric oscillations
around the upward direction. Without noise, the pendulum can remain
in any of these periodic modes indefinitely. In the presence of noise, the
system hops endlessly among the periodic attractors, i.e., the system ex-
hibits intermittent chaos driven by noise. However, external noise does not
influence the chaotic transient, i.e., the characteristic time for the transi-
tion from chaotic to periodic trajectories with increasing control parameter
which is determined by the random phase ¥ [129],
2
i + a@ +[14+ Asin(Qt + ¥)]sing =0 (3.53)
dt? dt
For a large interval of increasing noise level, the average rotational veloc-
ity is stable: the noise component creates oscillations around the rotational
average velocity [129]. However, for a large enough noise level, the rota-
tional motion vanishes as an independent mode. In addition, one obtains
[129] an intermittent transition to chaotic motion induced by noise.
Another effect resulting from noise is the conversion of the initial chaotic
motion into regular motion, which terminates at one of the fixed points.
Calculations have been performed [130] for high-frequency stochastic oscil-
lations for the following parameters : A =2, o = 1, Q = 0.5, for two sets of
initial conditions: ¢y—¢ =0, (dp/dt),_, =1, and ¢y—¢ = 2, (d¢/dt),_, = 0.
In the former case, there are nonregular librations without noise, whereas
adding noise terminates the motion at the fixed point ¢ = 0. In the latter
case, nonregular librations and rotations are terminated at the fixed point
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¢ = —2m. If a system originally has a stable limit cycle instead of fixed
points, then the addition of noise will transform the chaotic behavior into a
regular limit cycle. Analogous numerical calculations (with sin ¢ replaced
by bo + c¢¢?) have been performed [131] for low-frequency stochastic oscil-
lations for the parameters: A = 0.94, o = 0.15, Q = 0.5, b = ¢ = 1 and
initial conditions ¢y—o = 1, (d¢/dt),_, = 1. The results were similar to
those obtained without noise [130]: the motion is chaotic with randomly
alternating librations and rotations, whereas adding sufficiently large ran-
dom noise stabilizes the system by eliminating chaos. The latter result has
been confirmed [131] by the calculation of the Lyapunov exponents.

It is remarkable that in contrast to additive noise, multiplicative noise is
able to convert the chaotic trajectories, induced by the deterministic chaos,
into regular trajectories.

3.7 Damped pendulum subject to a constant torque,
periodic force and noise

The addition of a constant term a to the right hand side of Eq. (3.34) leads
to the loss of periodicity. As a increases, the system alternatively becomes
chaotic and periodic. One of the two intermittent regions described in
the previous section is destroyed even by a small bias a (¢ = 0.0005 for
Q = 047315, a = 0.2, and A = 1.2), and the motion becomes nearly
ballistic, in contrast to the case without bias, for which two symmetric
intermittent regions lead to normal diffusion [112]. These counterintuitive
results have been obtained also [123] for the general case, for which, in
addition to a constant term a, thermal noise is also included in Eq. (3.26),
which then reverts to the original Eq. (3.42). Numerical calculations have
been performed [123] for the asymptotic mean velocity ({(d¢/dt)), which
is defined as the average of the angular velocity over time and thermal
fluctuations. For values of parameter a lying in the interval (—acr, acr), the
velocity is oriented in the direction opposite to the driving force, thereby
displaying “absolute negative mobility” (see Section 3.4.4). The value of
acr depends on the other parameters in Eq. (3.42).

A pendulum subject to both additive noise and multiplicative noise has
recently been considered [132]. The equation of motion is obtained by
adding multiplicative noise to Eq. (3.42),

d*¢  d¢

T2 + T +la+ €& (t)]sing = a+ fsin (Qt) +n(t) (3.54)
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where ¢ (t) and 1) (t) are assumed to be delta-function correlated Orenstein-
Uhlenbeck sources of noise,

(€W E(t) =E?exp(=Alt—ta]);  (n(t)n(t1)) = sE® exp (=A[t —ta])
(€)n(tr)) =2D6 (t —t1) (3.55)

Numerical calculations show [132] that if the product D is constant,
the system remains in either a locked state or a running state as A changes.
For small A, for ¢ — oo, the system is randomly located in one of two stable
states, ¢ = 0 or ¢ = —7. For large A, the system is always in the state ¢ = 0,
and, as A increases, ¢ undergoes the monostability-bistability-monostability
transition. The coefficient o of multiplicative noise in (3.54) simulates the
time evolution of ¢: the running solutions start from |o| > 0, and ¢ turns
over counterclockwise at 0 = —20. Furthermore, the larger the value of
o, the faster ¢ turns over. This means that the strength of multiplicative
noise controls the rotation direction of ¢ without any external torque. This
bistability regime exists for any value of additive noise, whose strength
serves only to change the turnover direction and the speed of ¢.

3.8 Overdamped pendulum

If the damping is strong enough, one can neglect the inertial term in the
pendulum equation and consider the dimensionless dynamic equation of the
overdamped pendulum of the form

d¢

i sing + & (¢) (3.56)

Note that this equation has a chaotic solution due to the random force
£ (t), whereas in the case of deterministic chaos, considered in the previ-
ous chapter, the overdamped pendulum does not have enough degrees of
freedom to exhibit chaotic behavior.

Two quantities characterize the dynamics of noisy systems: the average

velocity
dp\ .. o)
<dt> = lim == (3:57)

and the effective diffusion coefficient

Desy = Jim - {{1o(5) — (o (0)]*) ) (359)

—oo 2t
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One should emphasize the role of noise in Eq. (3.56). The motion of the
pendulum takes place subject to a washboard potential U (¢) = —agp—cos ¢,
consisting of wells and barriers. For small a, the motion of the particle is
essentially confined to one potential well, which is equivalent to pendulum
motion around the downward position. However, for large a, the particle
can overcome the barrier following the driving force a (the rotation motion
of a pendulum). There is a clear threshold (a Z 1) between these “locked”
and “running” states. In the presence of noise, this threshold is blurred
since even for small a, the particle is able to overcome the potential barrier
to follow the driving force a. In this section we will discuss many other
effects due to different types of noise [2].

3.8.1 Additive white noise

One can find the exact analytic solution for both (d¢/dt) and D for the
more general equation of the form

— =a-——+¢(t) (3.59)
where U (z) is a periodic function with period L,

U(¢+L)=U(9) (3.60)

and ¢ (t) is white noise.
The general expression for the average velocity was obtained long ago
[133],

d¢ _ 1—exp(aLl/T)
<df> J3rE L (@) (de/ L) .

with
L (@) =Dy e (U) —d] [ dyesp (- [0 -} (02

and
x+L
I_(x) = Dy exp {— [(U(x) — a]} / dyexp[(U@y) —a]  (3.63)

where Dy is the diffusion coefficient for Eq. (3.59) without the periodic
term, and Iy (x) means that the index may be either plus or minus.
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The diffusion coefficient (3.58) that corresponds to Eq. (3.59) was ob-
tained recently [134] by using the moments of the first passage time,

qﬁ)u+L I, (y) I+ (y) I- (y) (dy/L)

D =D =
ot 1, ) (dy/ )]

(3.64)

The ratio of the two integrals in (3.64) can be very large [134], so that the
presence of the periodic potential in Eq. (3.59) can result in an increase of
the diffusion coefficient D by 14 orders of magnitude!

This effect is not only very large but also has the opposite sign compared
with the analogous effect for equilibrium processes. In the latter case,
the diffusion coeflicient decreases upon the addition of a periodic potential
acting on the Brownian particle due to localization of the particle in the
periodic potential [135].

Let us return to the sinusoidal form of the torque. The influence of
thermal (additive) noise on the pendulum is described by the following
equation,

%’ =ag—bosing + £ (t). (3.65)

The exact solution of this equation for white noise of strength D is well

known [133],
bo
Iﬂ'ao/D (D)

where I,,/p is the modified Bessel function of first order [136]. In the
limit ag, D << 1, Eq. (3.61) reduces to

d¢ _ . Tag 2b0
<dt> = 2sinh T eXP (— i) ) . (3.67)

Each of the two factors in Eq. (3.67) has a clear physical meaning [137].
The Arrhenius exponential rate, exp [— (2bg/D)], decreases with decreasing
D, which makes it easier for the system to overcome a potential barrier,
while the pre-exponential factor — the difference between approach to the
left well and to the right well — makes the system more homogeneous.

In addition to the sinusoidal form of the periodic function U (¢) in Egs.
(3.61) and (3.64), an analysis was also performed [138] for the sawtooth
potential. As was the case for the periodic potential, the diffusion coefficient

sinh (wag/D) -2
/D

(¢) = (3.66)
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D increases as a function of the tilting force a. Hence, there are two sources
for an increase in diffusion, the effect of the tilting force a (“passive channel”
in the terminology of [138]) and a huge enhancement coming from the
periodic force (“active channel”). An additional quantity that was studied
[138] is the factor of randomness Q = 2D/ (L (d¢/dt)), which defines the
relation between the diffusive and directed components in the Brownian
motion.

3.8.2 Additive dichotomous noise

For a pendulum subject to a pure periodic torque (a = 0 in Eq. (3.65)),
one obtains

% + bysing = £ (¢) (3.68)

For white noise & (t), the average flux (d¢/dt) vanishes. Here we consider
asymmetric dichotomous noise & (¢) which randomly jumps back and forth
from £ = A to £ = —B, with transition probabilities v; and ~2. The
asymmetry can be described by the parameter ¢ [139],

D (1+¢ D (1—-¢ 1+e
A=,/— i B=y4/— ; = .
T <1—€)’ T (1—}—5)’ M2 2 (3.69)

Equations (3.69) satisfy the condition 3 B = 2 A. Therefore, the require-
ment (¢ (t)) = 0 is obeyed.

In the presence of dichotomous noise, it is convenient to define two
probability densities, Py (¢,t) and P_ (¢,t), which correspond to the evo-
lution of ¢ (t) subject to noise of strength A and —B, respectively. The
set of Fokker-Planck equations satisfied by these two functions is a slight
generalization of that considered in Section 3.4.2,

OP. 0 .

87: - _% [(bosing + A) Py] — Py + 2 P- (3.70)
and

OP_ 0 .

el ~99 [(bopsing — B ) P_] — voP_ + 11 Py (3.71)

Introducing the probability function P = P, + P_, which satisfies the
normalization and periodicity conditions, one obtains a cumbersome ex-
pression for the average angular velocity [139] which, to first order in the
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parameter \/7/D, takes the following form

<d¢>: € \/7/D (3.72)
dt V1 =22 12 (by/D)
where I is a modified Bessel function.

Another limiting case [140] where the solution has a simple form is for
slow jumps, 71,2 — 0 (“adiabatic approximation”),

1 1
(4 ) " [ SV B -5 Syl a7 -],
do Y2 71
<dt>N ag— B <b, ag+ A <
71(711+721)‘1< (a0+A)2—b2),ao—B<b, ap+A>b

(3.73)
These equations imply that in the adiabatic approximation, the total mo-
bility is the average of the mobilities for the two corresponding potentials
[141].

d¢
()

20 |

=

10|

0

Fig. 3.4 Dimensionless average angular velocity as a function of bias with additive
dichotomous noise for different values of noise rate v = 1 + 2. Parameters are bg = 1
and A= B =0.9.
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Fig. 3.5 Same as Fig. 3.2, for different values of noise amplitude A. Parameters are
bp=1and v=1.

Typical average flux-bias force curves for a system subject to additive
dichotomous noise are given by the dotted lines in Figs. 3.4-3.6. As ex-
pected, the presence of noise smears out the sharp threshold depending on
both the noise amplitude and noise rate. In Fig. 3.6, we show the average
flux (d¢/dt) as a function of noise rate +. This non-monotonic behavior is a
special manifestation of stochastic resonance that was found for a bistable
potential by Doering and Gadoua [142]. In our case, this phenomenon
occurs only for a very narrow range of values of the bias force a.

Several conclusions can be drawn from the figures:

1) The average flux (d¢/dt) does not vanish even for zero bias force.
This phenomenon is a special case of the more general “ratchet effect”
for which the net transport is induced by nonequilibrium fluctuations when
some asymmetry is present (see Section 3.4.3). These general conditions are
satisfied for asymmetric dichotomous noise. One can easily verify that the
ratchet effect disappears in the limiting case of symmetric noise when a = 0,
which leads to the vanishing of (d¢/dt). The latter occurs both for white
noise and for symmetric dichotomous noise, since the function I' (¢) defined
in (3.79) is an odd function for a = 0, which implies that (d¢/dt) = 0.
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Fig. 3.6 Dimensionless average angular velocity as a function of noise rate « for bg = 1
and A= B =0.9.

The ratchet effect might have practical applications for superconducting
electronics, as well as in other fields of physics, chemistry and biology (for
some recent references, see [1 19]).

2) A stochastic resonance phenomenon (non-monotonic behavior of the
average flux as a function of noise rate) has been found in a narrow region
of noise rate, as shown in Fig. 3.6.

3.8.3 Multiplicative dichotomous noise

For a pendulum subject to multiplicative noise of the form (3.69), one
obtains
do

5 = G0 —&(t)sing (3.74)

Typical graphs of flux-bias characteristics for multiplicative dichoto-
mous noise are shown in Figs. 3.7-3.9. The first two figures show (d¢/dt)
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Fig. 3.7 Dimensionless average angular velocity as a function of bias with multiplicative
dichotomous noise for different noise amplitudes.

as a function of ag, which is characteristic of multiplicative dichotomous
noise for different amplitudes and different noise rates, respectively. The
non-monotonic behavior of (d¢/dt) as a function of noise rate ~ is shown in
Fig. 3.9. Just as for additive noise, stochastic resonance occurs in a narrow
regime of the noise rate ~.

Note the non-trivial type of ratchets (discussed in Section 3.4.3) exists
in this case. In the absence of additive noise but in presence of symmetric
multiplicative noise, fo (t) = £b, our basic equation is

do

= ap — fo (t)sing (3.75)

Ifag < |b|, Eq. (3.75) gives (d¢/dt) = 0 for both f5 (t) = +b. However, if
one allows switching between two dynamics situations, the resulting motion
will have a net average angular velocity. This can be seen from Fig. 3.10,
where the two washboard potentials Vo = a¢ £ bcos¢ are shown. If
as usually assumed, the rate of reaching the minimal energy in each well

)

is much larger than ~ (adiabatic approximation), (d¢/dt) is non-zero for
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0.0 1.0 2.0 a,

0

Fig. 3.8 Same as Fig. 3.5, for different values of noise rate v for bp =1 and A = B = 0.9.

() | | | |
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0.65 | i
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0.0 1.0 2.0 3.0 4.0 4

Fig. 3.9 Dimensionless average angular velocity as a function of noise rate for multi-
plicative dichotomous noise for bjp = 1 and A = B = 0.9.
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U9

8.0

-12.0
-6.0

Fig. 3.10 Washboard potential U (¢) = a¢ — bcos¢ with a =1 and b = 7. A particle
cannot move along each of the potentials by itself, but if one allows a transition between
potentials, the particle moves downhill along the trajectory 1:2:3:4:5.

the following reason [143]: a particle locked in the potential minimum 1,
switches to point 2, then rapidly slides down to point 3, switches to 4, slides
to 5, etc.

3.8.4 Additive and multiplicative white noise

The Stratonovich version of the Fokker-Planck equation for the probabil-
ity distribution function P (¢,t), corresponding to the following Langevin
equation,

do .
¢ = a0 + ()] = [bo + 1 (t)]sin ¢ (3.76)
with two sources of white noise £ (¢) and 7 (t) of strength D; and Da,
respectively, has the following form [144],

OP 0 02
E = _BTﬁ [ao — (bo + Do COS¢) sin(b] P+ @ [(Dl + Do sin2 ¢>] P
oJ

=55 (3.77)
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where J is the flux proportional to (d¢/dt), that is, (d¢/dt) = 2x.J.
For the stationary case, 9P/0t = 0, the distribution function satisfies
the following differential equation [140],

dPst

T T T(0) P = JO (¢), (3.78)

__ao—bosind)—DgsinquOS(é. _ o\ —1/2
o= (s + Dysintg) ¢ @)= (Du Dasin®)
(3.79)

The solution of the first-order differential equation (3.78) contains one
constant which, together with the constant J, are determined from the
normalization condition, [P (¢)d¢ = 1,P (—m) = P (r). The expression
for Ps; can be accurately approximated for small noise by the method of
steepest descent [145],

-1

(1 + % sin? ¢> E + (ap + bosin ¢) /Dy (3.80)
1

Pst:C

where C' is the normalization constant. For D, < Di, the term ag +
bg sin ¢ makes the main contribution to Ps;. For |ag| = |bo|, Pst contains a
single maximum. For D5 > D;, the main contribution to Py is the term
[1 + (D2/Dn) sin® (b] 1/2 , 1.e., Py; has maxima at the points nr for integer n.
Additive and multiplicative noise have opposite influences on P,; [145]. An
increase of multiplicative noise leads to the increase and narrowing of the
peaks of P, whereas the increase of additive noise leads to their decrease
and broadening.
Calculations yield [140]

do 2 [1 — exp (—27ra0/\/D1 (D1 + Dg)):|
<dt> = 2 T+27 (381)
o™ @) F (@,0) ([ Q) F (0,9) dy) da
where
F (k1) = exp l— /le(z) dz|; T(2) = % (3.82)

We have performed numerical calculations of (d¢/dt) in order to com-
pare the importance of additive and multiplicative noise [146]. The average
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Fig. 3.11 Average angular velocity as a function of bias for by = 1. The solid and
dotted lines describe single multiplicative noise and single additive noise, respectively.
The upper and lower curves correspond to strengths 2 and 0.1, respectively.

angular velocity (d¢/dt) and aq correspond to the voltage and the bias cur-
rent for a Josephson junction. Therefore, the graph (d¢/dt) versus ag gives
the voltage-current characteristic of a junction. In Fig. 3.11, we display
(d¢/dt) as a function of ag for by = 1, in the presence of one of the two
sources of noise given by D = 0.1 and D = 2.0. One sees that for a small
value of noise (D = 0.1), additive noise leads to higher flux than multiplica-
tive noise, whereas for a larger value of noise (D = 2), the opposite occurs.
The transition takes place for an intermediate value of noise. As shown in
Fig. 3.12, for noise of strength D = 1 (of order &), additive noise produces
a larger average angular velocity for small ap and the opposite effect for
large ag.

It is convenient to consider separately the two limiting cases of weak
(D1 — 0) and strong (D; — oo) additive noise, combining analytic and
numerical calculations. Let us start with the case of weak noise, D; — 0
and Dy — 0, with either Dy > D; or Dy < D;. Calculating the integrals
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Fig. 3.12 Same as Fig. 3.9 in the presence of a single source of noise of strength 1.

in Eq. (3.81) by the method of steepest descent yields

<d¢> = |1 — exp | — 27Ta0 \/|T (Zmax) T (Zmin>|
dt Dy (D1 + D2) 2 (2max) 2 (2min)
X exp / ZminT(Z) dz (3.83)

max

where zpin and zmax are two neighboring zeros of T'(z) with T (zmax) > 0,
T (Zmin) < 0.

It is easily found from Eq. (3.82) that sin (Zmax,min) = @0/bo, COS Zmax =
w/bg, €OS Zmin = —w/bg. For by > ag, Eq. (3.83) reduces to

<d¢> = /b3 —a? |1 —exp o 2me GXP/ T (2)dz
dt Dy (D1 + Dy) Zmax
(3.84)

One can evaluate the integral in (3.84). However, instead of writing out
this cumbersome expression, we present the results for the two limiting
cases of large and small multiplicative noise compared with additive noise,
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Dy < Dy
For Dy < Dy, i.e., for weak additive noise and no multiplicative noise,
one obtains the following well-known result [108],

d¢> <7ra0> 202 —a?2  2ay9 . _, ao
—= =4/ —aZexp| — Jexp |- X9 0 _ g1 2
< dt ) p,op, VORI )P D, D, bo

(3.85)

whereas for Dy > D1,

bO/D2
<d¢> = /B2 — a2 exp < _Tdo ) bo — 0 — af (3.86)
dt [ p,-p, O TTN\VDID: ) \ by + V0 — ]

Comparing Egs. (3.85) and (3.86) shows that adding multiplicative
noise leads to an increase in the average angular velocity in a system subject
only to weak additive noise. These analytic results are supported by a
numerical analysis of Eq. (3.81), given in Fig. 3.13 for small D; = 0.1 and
for different values of Dy. This shows the strong influence of multiplicative

noise on the flux for a small driving force.

(r3f
dt

-1
310
3107
04 0.6 0.8 1 1.2 Ay
Fig. 3.13 Dimensionless average angular velocity as a function of bias for by = 1,

D1 = 0.1 for different values of Da.
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Turning now to the opposite limiting case of strong additive noise, D7 —
00, one can greatly simplify Eq. (3.81),

(%), 5 5 [[oes]” o

Figure 3.14 displays the dimensionless average angular velocity
(1/ag) (dop/dt) as a function of Ds/D; for large additive noise D;. The
curve starts from (1/ag) (d¢/dt), _, ., =1 for Dy = 0 (large additive noise
suppresses the sin term in Eq. (2.6), yielding Ohm’s law for the Josephson
junction [108]), and increases markedly as the strength of multiplicative
noise increases.

g\ drt

0 2000 4000 6000 8000 p /D
2 1

Fig. 3.14 Dimensionless average angular velocity as a function of the ratio of noise
strengths Da/D;.

Figure 3.15 displays the results of the numerical analysis of Eq. (3.81)
for comparable values of all parameters (bg, D; and D), which again
demonstrates an increase of the flux due to multiplicative noise.

One concludes that in the presence of one source of noise, the average
angular velocity (d¢/dt) is larger for additive noise if the strength of the
noise is small, whereas for strong noise, multiplicative noise is more effec-
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Fig. 3.15 Dimensionless average angular velocity as a function of bias for ag = 1,

D1 = 0.1, for different values of Ds.

tive (Figs. 3.13 and 3.15). The transition regime between these two cases
occurs for noise strength of order by (the critical current for a Josephson
junction), where additive noise is more effective for small driving forces and
less effective than multiplicative noise for large driving forces (Fig. 3.13).
In fact, for small noise strength (say, D = 0.1) and small ag, multiplicative
noise produces a flux larger by many orders of magnitude than the flux
produces by additive noise. It is not surprising that multiplicative noise
becomes important when D is of order of the potential barrier height by.

If both sources of noise are present, then the flux is increased by the
presence of strong multiplicative noise for weak (Fig. 3.13), strong (Fig.
3.14) and intermediate (Fig. 3.15) strength of additive noise, especially for
small bias force ag. The latter result has a simple intuitive explanation.
Indeed, the horizontal periodic potential (ag = 0) with strong fluctuations
in the width of this potential has no preferred direction and, therefore, the
average angular velocity vanishes, (d¢/dt) = 0. It is sufficient to have a
small slope of a periodic potential, ag # 0, for (d¢/dt) # 0 to occur.

The importance of multiplicative noise for stationary states has long



Pendulum subject to a Random Force 109

been known [147]. The influence of both additive and multiplicative noise
on the escape time from a double-well potential has also been discussed [148;
149]. The analysis of the stationary probability distribution function for a
periodic potential and dichotomous multiplicative noise was given by Park
et al. [150]. We have studied [140] the influence of both additive and multi-
plicative noise on the voltage-current characteristics of Josephson junctions.
A similar effect for the output-input relation for motion in a double-well
potential has been studied intensively by two groups of researchers, who
called this effect “noise-induced hypersensitivity” [151] and “amplification
of weak signals via on-off intermittency” [152].

3.8.5 Multiplicative dichotomous noise and additive white
noise

There is a special case in which one or both sources of noise are dichoto-
mous. Consider the case in which the multiplicative noise 7 (¢) in Eq. (3.76)
is dichotomous and the noise £ (¢) is white [150; 153],

()n(t+7)=A%exp(=Alr]); (W& +7))=203(r) (3.88)

It is convenient to define two probability densities, Py (¢,t) and
P_(¢,t), that correspond to the evolution of ¢ (t) subject to noise of
strength A and —A, respectively. The Fokker-Planck equations for P, (¢, t)
and P_ (¢,t) are

OP d OP
T: =3 {[ao — (bo + A) sin ¢] Py — 026(;} ~A(Py —P_) (3.89)
68% = —% {[ao — (bo — A)sing] P —02(38];;} +A(Pr—P)

Equations (3.89) can be replaced by the equations for P = P, + P_ and
Q=P . —P_,

887]; = —% {[—ao + by sing] P — AQSin¢—022§} = _% (3.90)
887(%2 = —(%5 {[—ao + bosing] Q — APsingé—Uzgci} - 2@

In the limit A, X — oo with A%2/2)\ = D, one recovers the results consid-
ered previously for two sources of white noise. For ay = 0, the stationary
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probability density Ps: (¢) has the following form

1

_c VI k4 Vkcoso
1+ k2sing

VI+k—+Vkcoso

Py (¢)

bo/2Do/ Tk
] (3.91)

where k = D?/o? and C is the normalization constant. If the strength of
the multiplicative noise is small, D < D.,., Py (¢) has a simple maximum
at ¢ = 0. For D > D.,, Py (¢) has double maxima at ¢ = 0 and 7, and a
minimum at ¢ = cos™' (=b3/D) . The qualitative behavior of Py (¢) does
not depend on the strength o2 of the additive noise.

For both multiplicative dichotomous noise and additive white noise, Egs.
(3.89) must be solved numerically. Such calculations have been performed
[150] for o = 0.1. For given by and A, Py (¢) undergoes a phase transition
from the double-peak state to the single-peak state upon increasing the
correlation time A. The physical explanation of such behavior is as follows:
for fast processes, the system is under the influence of the average noise and,
therefore, it tends to be attracted to the fixed point ¢ = 0 (single-peak
state). For slow processes and strong noise strength, the system spends
most of its time at the two fixed points ¢ = 0 and ¢ = 7 (double-peak
state).

A detailed analysis has been performed [140], whose main results are:

1. Two sources of dichotomous noise are able to produce a flux for small
bias, whereas each by itself is unable to produce a flux in this region of bias.
This effect also occurs for two sources of white noise.

2. The simultaneous action of two sources of noise can be larger than
each source by itself in some region of the average flux-bias plane, but
smaller in other regions.

3. The “ratchet effect” occurs for asymmetric additive noise in the
presence of multiplicative noise. The latter eases the requirement for the
onset of the ratchet.

3.8.6 Correlated additive noise and multiplicative noise

Thus far, we have considered additive noise and multiplicative noise as
being independent. Correlations between different sources of noise may
occur when they both have the same origin, as in laser dynamics [154], or
when strong external noise leads to an appreciable change in the internal
structure of the system and hence in its internal noise. For the simplest
case of the two sources of white noise, £ (t) and 7 (¢) in Eq. (3.76) with the
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same type of correlations, one obtains

(E(t1) & (t2)) =2D10 (tr —t2);  (n(t1)n(t2)) = 2D20 (t1 — t2)(3.92)
(€ (t1)n (t2)) = 2A/ D1 D20 (t; — t2)

where the coefficient A (0 < A < 1) indicates the strength of the correlation.

A simple calculation [155] yields the solution for correlated multiplicative

noise and additive noise in term of the results (3.77)-(3.82) for a system

with non-correlated noise (see also [156]). Finally, the steady-state average

angular velocity is

-1

+27

<d¢> / [ gf exp [V (¢2)] d2 | do1
at) =\ B en @60~ B+ 2mexp[¥ (b 2m)] [

(3.93)

where

z

U (z) = —/dx A(z)/B(z); B(z)= Dysin®x —2\\/DiDysinz + D;
0
A(x) = ag — bysina — A\/D1 Dy cos © + Dy sin x cos x (3.94)

Extensive numerical calculations have been carried out [156] for non-
correlated noise (A = 0) which lead to the conclusions described in Section
3.8.4, and also for —1 < A < 0 and 0 < A < 1, which lead to new phenom-
ena.

1. Reversal of (d¢/dt). For non-zero values of A, the direction of
(d¢/dt) reverses when the ratio Di/Ds increases.

2. Existence of extremum. As D; /D, increases, (d¢/dt) possesses a
minimum which changes from negative to positive values for A > 0, and a
maximum which changes from positive to negative values for A < 0. Both
the maximum and minimum exist for completely correlated noise, A = 1.

3. Symmetric dependence of (d¢/dt) as a function of D;/D,.
Calculations of (d¢/dt) have also been performed [157] for the case in which
the multiplicative white noise 7 (¢) in (3.92) is replaced by dichotomous
noise.

The following general comment should be made. The non-zero steady-
state angular velocity is obtained from Eq. (3.68) which does not contain
any driving force. According to the second law of thermodynamics, such
noise-induced motion cannot appear in an equilibrium system which in-
cludes symmetric thermal noise. A non-zero average velocity exists only in



112 The Chaotic Pendulum

the case of asymmetric thermal noise, as seen in Section 3.8.2. Moreover,
even in a non-equilibrium state, a non-zero average velocity can appear only
in the presence of symmetry breaking, for the following reason. If ¢ (t) is
the solution of the dynamic equation for a given amplitude of noise, then
—¢ (t) is also a solution for ¢ replaced by —t. These two solutions will give
the same average velocities equal to + (d¢/dt) , which implies (d¢/dt) = 0.
A non-zero value can be obtained when either the potential energy is non-
symmetric (“ratchet” potential) or in the presence of non-symmetric di-
chotomous noise. As we have seen, another possibility is the existence of a
correlation between additive and multiplicative noise. The latter has been
convincingly demonstrated recently [158] for an overdamped pendulum sub-
ject to correlated sources of noise (3.92) moving in the symmetric potential
of the form

u(d)):mTvqbe(nfl)AV; (nl)Lgd)S(n;)L (3.95)
u(¢):—2ATV+2nAV; (n—é)LSqﬁSnL

where AV and L are the height and the period of a potential, and n is an
integer. The results of analytical calculations similar to (3.93)-(3.94) and
the numerical solution of the original Fokker-Planck equations are displayed
in Fig. 3.16. One sees the dependence of the average flux on the strength
of the correlation, which leads to a non-zero flux even in the absence of a
constant driving force (F' = 0).

0.06 T 0.08
(a) (b)
g F=0.0 J
0.00—>—
‘\‘\‘ \ 0.00
o8l F=0.05 .
(2255}
h R
012k < 10,08 - :
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Fig. 3.16 Analytic a) and numerical b) values of the probability current as a function of
the correlation length between multiplicative and additive noises for two different values
of an additive static bias F' (denoted ap in Eq. (3.76)) and for height AV = 0.125 and
period L = 1.0 of the potential. D; = 0.1 and D2 = 0.3 are the strengths of the additive
and the multiplicative noise, respectively. Reprinted from [158], Copyright (2009), with
permission from Elsevier.



Chapter 4

Systems with Two Degrees of
Freedom

4.1 Spring pendulum

In previous chapters we considered the chaotic behavior of a pendulum with
one degree of freedom, the angle ¢. Next in order of complexity is a spring
(elastic or extensional) pendulum which is defined as a simple pendulum
with a bob of mass m hanging from a spring of a stiffness constant « inserted
in its rod (Fig. 4.1).

Fig. 4.1 The spring pendulum.

This system has two degrees of freedom, the coordinates z,y or the
angle ¢ and the length of the rod. In the equilibrium downward position,

113
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the stretched length [, due to the weight mg of the rod, is equals [y +
mg/k, where ly is the unstretched length. The well-known property of an
elastic pendulum is periodic oscillations ( “parametric resonance” ) about the
upper position, unstable for a mathematical pendulum, which occurs when
the spring frequency ws = /x/m is about twice the pendulum frequency
wo = \/975 Chaos appears as result of the nonlinear connection between
oscillating and elastic modes, and this connection is the strongest precisely
in the parametric resonance region.

4.1.1 Dynamic equations

To analyze a spring pendulum with vertical oscillations of the suspension
point, we previously [159] wrote the Lagrangian in polar coordinates,

Com | fdr\? , (do\?
Lz[(dt) ()

with energy E,

2 2
E= % [(f;) + 72 <CZ)> ] fmgTCOS¢+g(T*lo) (4.2)

Here, we write the Lagrangian in Cartesian coordinates [160]

[ @] sl

which leads to the following equations of motion:

+ mgr cos ¢ — g (r—1o)? (4.1)

d2x K lo d?y K lo
dt m (22 + ) dt m (22 + )

(4.4)

There is a strong nonlinear coupling between the horizontal and vertical
motions. For simplicity, we neglect dissipation, and therefore the energy of
the system E is conserved. One obtains from (4.3),

(&) (%)

m K 1/2 2
5 +mgy + 5 [(IE2 + y2) / - l()] (45)
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The energy is minimal when the spring pendulum is hanging downward
with z =0 and y = — (Ip + mg/k),

2
Ein = —myg (lo + @) + K (@> = —myg (lg + @) (4.6)
K 2\ kK 2K

There is no upper limit to the energy. Therefore, the characteristic param-
eter R, defined as

(4.7)

ranges from —1 to infinity.

To describe the oscillations of the bob near its downward position, it
is convenient to change the coordinates x = 0, y = —I to z = X and
y=—1+Y = —lyp— g/w? + Y. Substituting these changes into (4.3), one
obtains the following Lagrangian of the oscillating system,

5[5 ()

with Ry = \/X2 + (Y + Iy + g/w?)?. The Lagrangian equations of motion
are

K
—mg (Y —ly— 52) —5 (Bi—1)°  (48)

22X , lo
EY (1o (v L) - (4.10)
a2 7 R, 0 w? g '

The quantity 1 — lp/R;, can be rewritten as

—1/2
P o + i (4.11)
Ry (lo+g/wi +Y) (lo+ g/w2 +Y)? '

Inserting (4.11) into (4.9) and (4.10) yields

~1/2
2X 1 X2 /
=W Xl 772 1+ 3
dt (1 + wg/w? +Y/lo) 12 (14 w2 /w2 +Y/l)

(4.12)
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PY/dt? = —w? (Y + 1o + g/w?) (4.13)

X —1/2

+
12 (1+wd /w2 + Y/l

) 1= (1+1+wd/w?+ Z/l) " |1 —g

Thus far, all expressions are exact. For small oscillations, X << [y, one
can expand the square root of (4.12) in a power series in X,

d>X 9 wd /w2 +Y/ly w8 X?
72 = —ws P) 2 — 2 5 3 (4.14)
dt lt+wg/wi+Y/lo 212 (w2 + w2 + w2Y/ly)
If Y is also much smaller than Iy (X,Y << lp),
d*X wiw? w? w? 2
- 21— ) Y|X=0 4.15
dt? w? + wd * lo <w§+w§) (4.15)

Performing the analogous expansions in Eq. (4.13), and inserting g =
w%lo,
d*y

Ty =-

6 y2
woX

_ 4.16
2l (w? +w§)2 ( )

Without nonlinear terms, Egs. (4.15) and (4.16) describe the “spring”
and “oscillatory” modes of a spring pendulum, whereas the nonlinear term
describes the simplest form of interaction between them.

In order to keep frequencies wg and w, independent, we have defined the
oscillator frequency w3 relative to the constant parameter Iy, w2 = g/lo, in
contrast to the frequency LD(Q), which is defined relative to the variable length
l 03(2) = g/, as is usually done. Using | = [ (1 + w%/wf) ,

w? -0 = w? - J = W (4.17)
° * o lbtg/w witwg

One can rewrite Egs. (4.15) and (4.16),

d*X 02 — w2

— O = %XY, (4.18)
d’Y 2 d’% - Wg 2

which agrees with the equations of motion for the spring oscillator obtained
by a slightly different method [161]. Equations (4.18) and (4.19) represent
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two coupled oscillators X and Y with the simplest nontrivial coupling be-
tween their Hamiltonians of the form X?2Y, which arises in other fields as
well.

For the special relation wgs = 2wy, the spring and the pendulum are in
parametric resonance as the energy transfers back and forth from the spring
mode to the oscillating mode. For this case, Eqs. (4.18) and (4.19) take
the following form,

2 2

% +opX = — (3a5/1) XY; % +403Y = — (3wg/21) X?* (4.20)

Since X,Y << lp, one can solve these equations using perturbation
theory, assuming that the solution of the homogeneous equation oscillates
with slowly-varying amplitude and phase [162],

X = A(t)cos ot + ¢ (t)]; Y = B(t)cos 2ot + x (t)] (4.21)

Inserting (4.21) into (4.20) and neglecting the small nonresonant driving
force, one obtains v and y, the terms linear in cos and sin, to first order in
A and B. Equating the coefficients to zero gives

dA 3 dB 3
= 2 QoABsin (200 — v):  — = —— (g A%sin (2 — 4.22
pray it sin (2¢) — x); 7 T sin (2 — x) (4.22)
dyp 3 dy  3A4% |
X _-B MW — ) == 2 — 4.2
g PN = gpecos (20 —x) (4.23)

Eliminating the sin terms from Eqs. (4.22) yields
d

7 (A*+4B%*) =0 (4.24)

which expresses the conservation of energy,
A% 4 4B% = M} (4.25)
From Egs. (4.23), one obtains the second constant of motion
A%Bcos (2¢) — x) = No. (4.26)

The time dependence of the amplitude A can be found [162] from Egs.
(4.22), (4.25) and (4.26),

% (‘;‘;‘)2 +V(a)=E (4.27)
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where F is a constant, and

A sboMo,
Mg’ 4\/2>l ’

o Via)=—a*+a (4.28)

According to (4.28) and (4.25), 0 < a < 1. The two turning points a
and a; of the function A = A (t) are defined by the equation V (a) = |E|,
so that 0 < ag < a3 < 1. Thus, the amplitude A of the oscillatory mode
increases from My./ag to My./a1, decreases back to My,/ag, and then goes
back and forth. At the same time, according to Eq. (4.25), the amplitude
B of the spring mode decreases and increases correspondingly.

4.1.2 Chaotic behavior of a spring pendulum

The analysis of the sequence of order-chaos-order transitions in the spring
pendulum was performed [160] by the use of the two dimensionless control
parameters, R and u. The parameter R was defined in (4.7). The second
parameter p is defined by

(4.29)

This parameter can range from 1 to infinity.

The equations of motion (4.4) of a spring pendulum, have been analyzed
[160] for different values of the control parameters R and p. Chaotic states
appear for intermediate values of R and u, whereas regular non-chaotic
solutions occur for the limiting values of these parameters.

The different types of solutions in the R — p plane are displayed in
Fig. 4.2. The shading in the central region of this plane indicates chaotic
solutions. The regular solutions shown at points a, b, e, f, whereas points ¢
and d represent the chaotic solutions. Chaos is connected with the coupling
of two degrees of freedom, so that the point = 5, which corresponds to
autoparametric resonance, is a natural source of chaos. The boundary be-
tween the locked and running solutions is another region where the chaotic
solutions are clustered. For a rigid pendulum, the boundary is defined by
the separatrix, whereas for a spring pendulum, these boundaries are de-
scribed [160] by the following curves in the R — u plane, below which there
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Fig. 4.2 The (u — R)-plane. The points a, b, e, f correspond to regular trajectories
whereas the shadow region (points ¢, d) corresponds to critical trajectories.

are no running solutions,

R=1-2[2np-D+D]"", pu>2

R:(u—l)[2+(u—1)‘1} L l<pu<?2 (4.30)

At p = 2, where w; = wyq, these two curves coincide showing the borderline
for running solutions.

Although the original equations contain chaotic solutions, these so-
lutions appear only in the intermediate range of the control parameters
(Fig. 4.2). It is instructive to consider the several limits in which the sys-
tem of equations (4.4) is integrable.

Limiting value p — 1 can be approached when the spring is weak
(small k) or the bob is heavy (large m). One can then rewrite the equations
of motion (4.12) and (4.13),

/2
S HulX = (u-1)gX [Xz +(Z+10+ g/w?)z} (4.31)

d*Z —1/2
T2 27 ig=(u—1)gZ {XQ +(Z+10+ g/wg)ﬂ (4.32)
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For very small p — 1, these equations describe two weakly coupled har-
monic oscillators which, in the limit g = 1, have smooth elliptic orbits.
For p = 1, @y = ws, which explains the appearance of this characteristic
frequency in Eqgs. (4.31) and (4.32).

Limiting value pu — oo or K — oo marks the transition to a rigid
rod, i.e., the spring pendulum becomes a simple pendulum with periodic
solutions.

Limiting value R — (—1) corresponds to small oscillations (librations)
near the downward position. In this case, the equations of motion take the
form (4.18) and (4.19), which define two coupled oscillators. However, for
small deviations from the downward position, the coupling is very small
which leads to simple solutions for harmonic oscillators.

Limiting value R — oo or E — oo results in two equivalent rotations,
clockwise and counterclockwise, for which the energies of the two modes,
elastic and oscillatory, are the same order of magnitude [160].

Limiting value E — —oco (holds for g — o0) leads to the splitting of
equations (4.4) for © << y, which again yields an integrable system.

4.1.3 Driven spring pendulum

In previous sections, we considered the properties of an insolated spring
pendulum. An extension of the pendulum model consists of adding an
additional external periodic force of frequency 2. The equations of motion
in polar coordinates (r, ¢) can be easily obtained from the Lagrangian,

d?r dr do 2 g
ﬁ—i—cla—&—m‘—(l—i—r) (dt) +7(1—cos¢)—0 (4.33)
d? d drd
(1+T)2£+62d—f+2(1+r)d—:£+%(1+r)sin¢:0 (4.34)

An external force can be added to Eqs. (4.33) and (4.34) in two different
ways. An external force can act on the bob which leads to an additive term,

2r  dr dp\? ¢

E+C1E+KT—(1+T) (dt) +7(1—COS¢)—KCOS(Qt) (4.35)
d? d drd

(1+T)2£+62dff+2(1—i—r)d—;dff—i-%(l—kr)sin(b:Lcos(Qt) (4.36)
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Another possibility corresponds to a periodic force inducing vertical
oscillations wu (t) of the suspension point. As explained in Section 2.3, the
suspension point has acceleration d?u/dt? relative to our inertial frame of
reference. One introduces a non-inertial frame having this acceleration.
Then, the gravity constant g in the Lagrangian (2.18) has to be replaced
by g + d?u/dt?. For u (t) = A cos (2t), Eqs. (4.33) and (4.34) are replaced
by the following equations [159],

&r dr

dp\* g
dt2+cldt+mﬁ_(1+r)<dt> +7(1—cos¢)

02
- cos (2t)cosp =0 (4.37)
d? d drd

(1+r)2£+02d—f+2(1+r)d—zd—f+%(1+T)sin¢
2
+ cos (Qt) sing =0 (4.38)

l

An external periodic signal cos (Qt) enters Egs. (4.35) and (4.36) addi-
tively and Eqs. (4.37) and (4.38) multiplicatively. To obtain an approxi-
mate solution of these systems of nonlinear differential equations, one uses
the method of multiple scales, described in Section 2.3.7. Such an analysis
of Egs. (4.35) and (4.36) has been discussed previously (see [163], [164]
and references therein), and has been recently extended [165] to the case
of vertical oscillations of the suspension point, described by Egs. (4.37)
and (4.38). We will not write down the cumbersome forms of the linearized
equations, restricting ourselves to the numerical solutions of Eqs. (4.35)
and (4.36) for the onset of chaos in the special cases of external resonance
(Q = wo = v/g/l and Q = w, = /x) and internal autoparametric resonance
(ws = 2wp), where wy and wg denote the linearized natural frequencies of
the pendulum and spring modes, respectively. To describe the frequencies
near the resonance conditions, we introduce detuning parameters o; and
02,

2wy = ws + 071; QO =wo+ o9 and Q = w, + o9 (4.39)

External spring-mode resonance (Q ~ w,) [163]. For wy = 1,¢; =
co = 0.005, 01 = 0.03, o5 = 0.004, L = 0, changing the value of the control
parameter K causes the pendulum motion to change from the limit circles
for K = 0.000364 to chaotic motion for K = 0.00055. This result has been
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obtained from the Poincare map by inspecting the phase projection at times
t = n27/Q with integer n, and calculating the largest Lyapunov exponent.
Chaotic motion appears through a sequence of period-doubling bifurcations
(see Fig. 2.13).

External pendulum-mode resonance (Q ~ wg) [163]. Similar
results have been obtained in this case for the parameters ws = 0.5,
c1 = co = 0.005, o3 = —0.01, 02 = 0.005, K = 0, going from L = 0.0007 to
L = 0.000873.

By calculating the Lyapunov exponents for different values of the damp-
ing parameters c¢1, co and the detuning parameters o1, 02 and comparing
analytical results with the numerical results, it was found [166] that the
second-order approximation of the multiple scales method leads to better
agreement with the numerical results than the first-order approximation.
The comprehensive analysis for different values of control parameters ¢y, co
and oy, 0o has been performed [164] for the spring-mode resonance (with
ws = 1 and K = 0.0055) and for the pendulum-mode resonance (with
wo = 0.5 and L = 0.00087). The bifurcation diagrams and Poincare maps
show that there is only one equilibrium state upon changing the internal
tuning parameter o1 while the number of equilibrium states varies between
three and one upon a change of the external detuning parameter oo. For
some deviation from the resonance condition and for some regimes of damp-
ing parameters, these equilibrium states become unstable and the solutions
become quasiperiodic or chaotic.

Equations (4.35) and (4.36) have recently been generalized [167]-[169)].
The nonlinear spring stiffness term ;7% (i = 2,3,4) has been included in
Eq. (2.68). Numerical calculations show that the steady state solutions and
the onset of chaos are monotonically decreasing functions of the damping
coefficients. A generalization of Eqgs. (4.35) and (4.36) implies that the
bob is forced to move in a circular path of radius r with frequency w [168].
Numerical calculations have been performed for the following parameters:
ws = 0.5, w=0.5, 01 =0.01, 05 =0.005, ¢c; = c2 =0.05,] =1 and K =0.
Both the phase diagram (r as a function of Q¢) and the r — ¢ Poincare map
show a sequence of period-doubling bifurcations leading to chaotic motion
for four values of r (0.03, 0.07, 0.10 and 0.20). Analysis of Eqs. (4.35) and
(4.36) shows that changing the control parameter (amplitude L of the exter-
nal force) leads to a series of quasiperiodic solutions followed by the onset
of chaos. These authors supplemented the nonlinear coupling between the
radial and angular motion of the pendulum by a second source of nonide-
ality powered by an additional k373 term in Eq. (4.35) (nonlinearity of the
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elastic spring of the pendulum). To compare these two types of nonlinearity
required an analysis of Poincare maps and the calculation of the Floquet
multipliers and the Lyapunov exponents. The former reveals the geometri-
cal structure of the attractors whereas the latter indicates the nature of the
route to chaos. Although the addition of the second nonlinearity did not
change the route to chaos, the chaotic motion occurs in different frequency
regimes. Moreover, the second nonlinearity could promote the stabiliza-
tion of the periodic motion beyond the threshold of instability. There is
a distinction between a weakly nonlinear spring (the parameter k3 being
small) and strongly nonlinear spring (k3 is close to unity). In the former
case, the addition of a small linearity has a stabilizing effect on the motion,
extending the range for which the motion remain periodic, i.e., the onset of
chaos occurs at larger amplitudes of an external field than for the case of
a linear spring. However, quite surprisingly, the strong nonlinearity of the
spring stabilizes the pendulum in a certain frequency range and destabilizes
the pendulum for other values of frequency.

4.2 Double pendulum

In the previous section, we considered the chaotic behavior of an elastic
pendulum with two degrees of freedom, the angle ¢ and the length r. An-
other nonlinear system which has two degrees of freedom is the double
pendulum, which consists of two simple pendulums attached to each other
(Fig. 4.3).

The position of a double pendulum is characterized by two angles ¢
and ¢o between the rods and the vertical. The length of the rods I; and [
and the bobs masses m; and my are the control parameters. The positions
of the bobs are

1 =lising1;  y1 = —licosgr; wa =lisingy + lzsin do; (4.40)
y2 = —l1 cos g1 — I3 cos 2
The Lagrangian of a double pendulum is
dp\* 1 dos \*
L= = —maly | —= 4.41
2<m1+m2)l1(dt> +gmala | (4.41)

d d
+malils ( (bl) ( ¢2) cos (¢1 — ¢2) + (m1 +ma) gli cos ¢1 + magls cos g2
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? 11

Fig. 4.3 The double pendulum. Reprinted from [170], Copyright (2006), with permis-
sion from Elsevier.

leading to the following equations of motion

d*¢ >
(ma +ma) li—o gz T Mmel2— 5 cos (61 — ¢2)
+malo ( ) sin (¢1 — ¢2) + (M1 + ma) gsing; =0 (4.42)
2
mals ddj;2 + 04 dj; cos (¢1 — ¢2) - <d§11> sin (d)l — (7252) + gsin¢2 =0

(4.43)
For small oscillations, sin ¢ ~ ¢ and cos ¢ =~ 1, the normal modes ¢ 2 =

¢\ exp (wt) are

2
2 g (ll + l2) ll — lQ
= — 4+
w 2milil, my + mo (my 4+ ma) |ma +my LTl

(4.44)

éo) g— w2l2

2 _ 4 F 2 4.4
¢§O) w2l (4.45)

If the masses and lengths of two pendula are equal, m; = mo and l; = s,
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Egs. (4.44) and (4.45) simplify to
(0)
g o -1FV2
=/2\V/2+ V2, 2 - __T'- 4.46

The latter equations are the solution of the linearized equation of a mathe-
matical pendulum with two masses moving in phase or out of phase.

The case without gravity (¢ = 0) or two uncoupled pendula (ms =
0) are also integrable. The original equations (4.42) and (4.43) are more
complicated than equations (4.12) and (4.13) for the elastic pendulum,
and one has to resort to a numerical solution [170]. Since this system is
Hamiltonian (no damping), the energy is conserved, and is given by the
initial conditions. In two limits, zero and infinite energy, the motion is
regular. The difficulty is to find chaotic behavior for finite, non-zero values
of the energy. The conserved energy is given from the Lagrangian (4.41),

do1 do2\  (do: oL doa oL
i (¢1’¢2’ a dt) - (dt) o (dprjdt) (dt) o (sl dt) "
(4.47)

Numerical calculations have been performed [170] for various values of
energy, £ = —9,—7, 7, and 9, corresponding to initial conditions (0,0, 0,0),
(0,7,0,0), (7,0,0,0), and (m,7,0,0), respectively. The phase-space sec-
tions have been obtained for initial conditions in the interval (—0.01,0.01)
around the initial conditions given above. The phase space is four dimen-
sional. In order to obtain a plane Poincare section, two parameters have
been fixed, ¢; = 0 and d¢;/dt > 0. The Poincare sections for different
values of energy are shown in Figs. 4.4-4.6

The behavior becomes increasingly non-regular as the energy increases.
Figure 4.4, corresponding to energy E = —9, presents a very regular image.
The motion becomes more complex for E = —0.7 (Fig. 4.5), and finally,
for E =7 (Fig. 4.6) almost all trajectories are chaotic. These result have
been confirmed [170] by calculating the Lyapunov exponents.

A comprehensive analysis of Egs. (4.42) and (4.43) has been performed
[171]. It was shown that an analytic solution is possible only if the three
parameters, ma/my, la/ly and E/migl; are equal to zero or infinity. The
Melnikov method was applied to the different limiting cases.
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Fig. 4.4 Poincare section for E = —9+0.01, regular trajectories. Reprinted from [170],
Copyright (2006), with permission from Elsevier.

4.3 Spherical pendulum.

Another version of a pendulum with two degrees of freedom (angles ¢ and
0) is shown in Fig. 4.7. The bob of mass m, suspended on the rod of length
[, is able to swing in any direction performing two-dimensional motion on
the surface of a sphere of radius [, described by the angles ¢ and 6. Placing
the origin at the suspension point and using spherical coordinates with
the z-axis directed downward, the bob coordinates are x = [sinf cos ¢,
y =1sinf sin ¢, z = —lcosf. The Lagrangian L is

1 d9\? g\
L=-ml?|(—] —(1—-cos?0) [ — 4.4
2ml l(dt) (1 — cos?0) (dt) + mgl cos, (4.48)
which leads to the following equations of motion,
4?0 o\’
mi? (dt2> — mi?sin 6 cos 6 <dfj> +mglsinf =0 (4.49)

d? do\ (d
mi? sin @ (dtf) + 2ml? sin 6 cos ¢ <dt> (;) =0 (4.50)
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Fig. 4.5 Poincare section for £ = —7 — 0.01, regular trajectories begin to deform.

Reprinted from [170], Copyright (2006), with permission from Elsevier.

The latter equation can be rewritten

dl ., o\ _dJ
7 {ml sin 9<dt>} =7 =0 (4.51)

which yields the conservation of J, the angular moment in the ¢-direction.
Another conserved quantity is the energy

2 2
= % (Zf) +Vers 0)3 Vers (6) = =% cosf+ mﬁm (4.52)

In contrast to the spring and the double pendulum, the spherical pendu-
lum has two conserved quantities. The motion of the bob 6(¢) is restricted
by the two solutions of equation E = Vs (6), so that 6; < § < 65. The
values of the turning points 6; and 6y, where df/dt = 0, depend on the
parameters E and J, which are given by the initial conditions. A simple
result is obtained [172] for initial conditions 6y = 7/2, ¢o = 0, (df/dt), = 0,
(do/dt), = +/2g/l), namely, the turning points located at height 0 <
|2 (t)| < lih, where 1 is called the golden number ¢ = (v/5 + 1) /2.
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ap,
di

2 0 2 o,

Fig. 4.6 Poincare section for E = 7 — 0.01, regular trajectories decay with the appear-
ance of global, completely chaotic trajectories. Reprinted from [170], Copyright (2006),
with permission from Elsevier.

In general, one finds the solution 6 (¢) of the equations of motion nu-
merically [68]. Integrating Eq. (4.52) yields

t—to (4.53)

,L/L
V2 ) E-Vis (6)

From the solution of this equation, one finds ¢ (¢) using Eq. (4.51),

Jdt
0= / sin® 0y/E — Vepyp (0) (454)

Thus far, we considered the free motion of a spherical pendulum. If the
suspension point oscillates periodically in the horizontal z-direction with
the (linearized) pendulum frequency \/% and the amplitude is smaller
than the length of the rod, the bob traces an elliptic path having the driving
frequency in the plane of the driving force. In the presence of the driving
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Fig. 4.7 Spherical pendulum.

force and damping, Eqs. (4.49) and (4.50) have following form [173]

d?0 . (do\? , o (dO\ 1 [d%x
(dt2> — [wo — <dt> cosf| sinf + - (dt) + 7 (dﬁ) cos¢cosf =0
(4.55)

. d*¢ o\ (de\ B [(de\ 1 [(d* .
s1n0<dt2) +2 COSH(dt) (dt) +E (dt) 7 (dtf> sing =0 (4.56)

The approximate analytical solution of Egs. (4.55) and (4.56) has
been obtained [174] under the assumptions that the driving frequency
is close to wy and that the damping coefficients are equal and small,
a/m = f/m << 1. A slight change of the driving frequency results in
pendulum motion in the plane perpendicular to the direction of the driving
force with the random jumps between these two planes, thereby changing
the regular motion into chaotic motion. An approximate analytic analy-
sis, as well as numerical calculations and their experimental versification,
have been carried out for the undamped pendulum at driving frequen-
cies 0.9851/g/1, 0.9901/g/1, and 0.998/¢/1 [175] and for frequencies in the
interval (0.97 — 1.035)+/g/l [176], as well as for the damping coefficient
a/m = B/m = 0.01 [177] and 0.003 [173]. All these analyses show the
appearance of chaos.

As an example, we display [175] in Fig. 4.8 the power spectrum for
the pendulum being driven at its natural frequency wy and at the nearby
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Fig. 4.8 Power spectra for pendulum with (linearized) frequency, wo, and driven fre-
quency, w, for a) w = wp and b) w = 0.998wg. Reprinted with permission from [175],
Copyright (2001), Institute of Physics.

frequency 0.998 wg. In the former case, one obtains one very large peak
and a few smaller peaks which decay. The power spectrum at 0.998 wy
looks very different, showing a typical chaotic type of motion in the form
of a series of large peaks in the low-frequency range and a broad spread of
smaller peaks across the rest of the frequency range.



Chapter 5

Conclusions

The pendulum is the simplest nonlinear system which contains the charac-
teristics of different phenomena in Nature in the areas of physics, chemistry,
biology, engineering, economics and sociology. Based on experiment, the
modern scientist creates a new theory for making predictions, which even-
tually have to be tested experimentally. In Brownian motion, the random
collisions of the test particle by the surrounding molecules is responsible for
the random motion of the Brownian particle. There are also other sources
of randomness in Nature, such as thermal fluctuations which always exist
or the random changes in the surrounded medium. Therefore, there is a
need to add random forces (additive in the former case and multiplicative
in the latter case) to the differential equations describing such phenomena.

Another problem appears in the macroscopic description of many-body
systems. Although, as Laplace said, knowing the initial conditions of 1023
particles permits one to make complete predictions of their dynamic be-
havior in the future, this approach is clearly not practical. Therefore, one
abandons the description of the individual particles in favor of the average
characteristics of the system as a whole.

A new understanding of the properties of nonlinear differential equations
is connected with the phenomenon of deterministic chaos, which shows the
deep relationship between deterministic and random phenomena, and, like
relativity and quantum mechanics, lies far beyond the scope of science form-
ing an important part of our worldview. Due to the exponential sensitivity
to initial conditions, which are only known to restricted accuracy, even
a simple deterministic system, such as the periodically driven pendulum,
is unpredictable. Such random-like behavior already occurs in a driven,
nonlinear system with two degrees of freedom!

This book contains the comprehensive description of the random

131
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(chaotic) behavior of a pendulum subject to different combination of con-
stant, periodic and random forces. The different impact of these forces
manifests itself, for example, in suppressing chaos by the common action
of multiplicative and additive forces, whereas each force by itself induces
chaos. Likewise, chaos can be suppressed by the addition of random forces
to the equation which predicts chaos in the absence of a random force. Still
another possibility for suppressing chaos is by adding a second weak peri-
odic force. The existence of chaos may be harmful for some applications
and, therefore, the suppression of chaos is of great interest.

The model of a pendulum is widely used in modern science. In addition
to the different applications described in Section 1.5, there are many other
applications, including chemical reactions [178; 179], biophysics (neural ac-
tivity [180], intracellular transport [119], oscillations in the visual cortex
[181], penetration of biological channels by ions [182]), superionic conduc-
tors [183], plasma physics [184], surface diffusion [185], electrophoresis [186],
rotation of molecules in solids [187], dielectric relaxation [188], and poly-
mer dynamics [189], engineering (ship dynamics [190]), gravitational gra-
dient pendulum [191], and matter-antimatter asymmetry in the universe
[192]. However, these and other applications of the pendulum model rarely
contain the analysis of chaotic behavior. This subject still attracts great
interest, and many new applications will surely be found in the future.
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Glossary

Attractor. Irrespective of initial conditions, all trajectories reach the at-
tractor as ¢ — oo.

Basin boundary. Boundary between two (or more) sets of initial condi-
tions leading to different attractors.

Basin of attractors. The locus of all points in phase space which lead to
this attractor.

Bifurcation. Change in the behavior of a dynamic system upon change
of control parameter(s).

Bifurcation diagram. Describes the dynamic behavior of a system for
different values of the control parameters.

Center. Equilibrium position surrounded by closed phase trajectories (el-
lipses).

Crisis. Sudden change of attractors induced by a change of control param-
eters.

Elliptic point. All nearby trajectories have the form of ellipses.
Feigenbaum transition to chaos. The cascade of period-doubling bifur-
cations leading to chaos.

Fixed point. A point which is mapped onto itself after iteration of the
phase map.

Fractals. An object that displays self-similarity (repetition of the struc-
ture) on all scales.

Harmonic balance method. Method of approximate solution of a dif-
ferential equation by the use of periodic functions.

Homoclinic trajectories. Trajectories that begin and end at a saddle
point surrounding the center.

Hopf bifurcation. Transition from an equilibrium state to a point attrac-
tor or to a limit cycle induced by a change of control parameters.
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Hyperbolic point. All nearby trajectories have the form of a hyperbola.
Limit cycle. The periodic solution of a differential equation plotted in
phase space.

Lyapunov exponent. Number defining the exponential approach or di-
vergence of two neighboring trajectories with slightly different initial con-
ditions. Positive Lyapunov exponent corresponds to chaotic motion.
Periodic attractor. Attractor which corresponds to motion that is peri-
odic in time.

Poincare section. An undriven pendulum showing periodic sampling of
state parameters ¢ and d¢/dt.

Subcritical bifurcation. A point in the phase space where the steady-
state solution becomes unstable.

Saddle point. Point for which trajectories are stable for one direction,
but unstable for other directions.

Separatrix. Curve separating elliptic (closed) and hyperbolic (open) tra-
jectories.

Strange attractor. Attractor which has fractal structure.
Supercritical bifurcation. A point in phase space where the solution
changes its form but remains stable.

Trajectory. Solution of differential equation with given initial conditions
plotted in phase space.

Transient chaos. Motion which looks chaotic for some finite time interval,
but afterwards returns to non-chaotic motion.

A comprehensive glossary of concepts and terms in the study of nonlinear
mechanics and chaos can be found in “The Illustrated Dictionary of Non-
linear Dynamics and Chaos,” by T. Kapitaniak and S R. Bishop [Wiley,
1999].
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